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• ^ ' FOREWORD . 



The increasing contribution of mathematics to the culture of the modem* 
*worldj as well as its importarice as a vital part of scieptific and hujnanlstic\ 
education, 'has made it essential that the mathematics in out schools be both 
well selected and well ^taught. 

Wl'th this in mi^d, the various mathematical organizations in the United* 
States cooperated /n the formation of the School Mathematics Study Group ♦ 
This Study Qroujv/lncludes college and university mathematicians, high school 
teachers of matftematics, experts in education and representatives of scien^ce 
and technology • The generjal objective of the Study Group is the improvement 
of the teac^ng of mathematics in the scl^ools of this country. , The National 
Science Fj>undat ion has provided substantial funds for the support of this 
endeavop^^ • < i ' 

/One of the prerequlsities fox tbe ln|provement o'f the teaching of^ mathe- 
matics in our schools is an improved' cu^rriculum; — one which takes a&pount of 'the 
increasing use of mathematics- in -science axjti technology' and in other areas of 
knowledge and at the same time one which reflects recent advances in mathematics 
itself^ One of the first projects undertaken by the School Mathematics Study 
Group \iJas to enlist a group of outstanding m^thematiciajis and mathematics 
teachers to prepare a s/eries of high school textbaoks which would illustrate 
such an improved curriculum. This textbook is the first product 6f this pto— 
ject. ' . „ ^ . * 

\ 

' The professional mathematicians in the Study Group believe that mucK of 
the mathematics presented in this seri^ of texts^ is important for all welP- 
edtK:ated citizens in our society to know and that all of it is important for the 
prQ--college student to learn in preparation for advanced work in the field. At 
the same time, the high school teachers in the Study .Group believe that it is 
presented^ in such a form that it can be readily grasped by college capable 
students . ^ , ' ' • • 

In most inst^inces the material presented in this series will have a • ^ 
familiar note to i't, bjit.the flavor of presentation, the point of view, as it 
were, will be different* Some material will be entirely new to the traditional 
curriculum* TJtiis is as it should be, for mathematics is a living and an ever- 
growing subject, and not a* dead and frozen product, of antiquity. This he^iJLthy 
fusion of the old and the new should lead a college— bound student to a, better 
•understanding of the basic concepts and structure of mathematics and provide a- 
firmer foundation for later coursed. ^ 

It is not intended that these books be regarded as the only^ definitive way \ 
of presenting good mathematics to cpllege Capable students.* Ins tead, • they should 
be thought of as a sample of the kind of* improved curriculum that we need ahd as 
a source of suggestions for the authors or the commercial textbooks '&t the 
future. It is sincerely hoped that these texts will lead the way ^toward in-- 
spiring a more meaningful teaching of Mathematics, the Que^ * and Servant of the 
Sciences. \ 




PREFACE 



The present vplume is an experimental edition* for a high— school course in * 
the theory of matrices and vectors* <Ln selecting material for the Jtext, the 
School Mathematics Study Group has been^mindful of the fact that this is the 
last mathematics course in secondary schools the terminal course fpr many 
students. As citizetts^ they should have a sound idea of th^nature of mathe- 
matics. This p^int of, view hias been ^phasized in the* Harvard report > "General 
Education in a Free Society^" Harvard^University Press, Cambridge, 1945, which 
states: ^''Mathematics* may be definedr as t^e science of abstract form* The dis— 

^cernment ofN^ructure is essi^]^tiaX, no less to the appreciation of a painting or 
symphony thanjin the behaviour of a physical system;], no less in economics than 
in astronomy* Mathematics -studies order, abstracted from the particular object;s 

^ and phenomena which exhibit it,, and in a generalized form*" 

V 

One of our basic aims is thus to demonstrate th^ structure of mathematics* 
We shall not 'be concerned, however> with structure merel^y as such* Rartjjjier, we ^ 
shall e:^hibit some rich mathematics that is totally tiew to the student and 
demonstrate structure as we proceed. To make abstract form a topic unto itself 
y>ffcen leads to a barren presentation; to discuss the *stru^ure of the already- 
familiar aritiyfiietic and algebra seems forced and repetitive to the boy or girl 
who is dreaming of a place in a jet age^^even in^ sp^ce age. 
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It is important to give the student some ''new'* mathematics that Tias con- 
siderable vigor and vitality. Until very recently, the high— school curriculum 
has been almost entirely concerned with ideas that were developed during or 
before' the s ix teen tlf- and s^enteenth centuries. Computers and dlect^ronic brains*^ 
are fr^nt— page news . In ord^ to appeal to the imagination of the student and 
to expose some mathematics that is* very much alive, the material must be pew, 
differeijtt and bold* ^ 

Another criterion is to provide some tools that will be eminently useful 
* 'In the student^^ transition from school to college, tools that jwill help bridge 
the gap from the manipulative spirit of high— school mathematics^ to the abstract 
viewpoint of modern algebraic studies. Yet this material must not come from 
the usual sequential courses. 

A unit on matrix algebra will satisfy the foregoing criteria. As one 
^operation after another is defined, the structure of mathematics can be repeat- 
edly emphasized. Terms like group, ring, field, and^ isomorphism will be intro- 
duced when meaningful and needed for unif^(*ing concepts. Thus they will be met 
in a new, appropriate, and substantial Context; they will not be applied to 
shopwm material. ' InfcroHuced by Cay ley in 1858> recognized by Heisenberg in 
1^25 as exactly the tool he needed to develop his revolutionary work in quantum 
mechanics, employed today in such diverse ways as providing a language for 
atopic physics,, measuring the air flow over the wing^pf an airplane, and keeping 
the parts^ inventory at a minimum in a factory, matrices can put the student 
close to^ the frontiers of mathematics and provide striking examples of patterns . 
that arise in the most? varied tircumstances . Moreover, the studei^t meets sope 
mathematics emancipated from the familiar rules of arithmetic, and he learU3 
that it is within his capacities to "invent" some of his own. If this study 
can make mathematics mdre alive, then here indeed is a promising path. 

4 < ^ ^ 
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Our study of matrix algebra will involve- the investigation of a significant 
^dsulatlonal system, which will reflect thp vigor of abstract njathei^tics . This 
'^s a unit *in "hard'y mathematics that has power |ind beauty.. It will provide an 

effective language and some dynamic concepts that will' enhance the student's 
• ability to handle'his first college courses yet not duplicate naterial. 

Lastly, with the objective that the intellectually vigorous students may,^^ 
in some small part, obtain an idea of what constitute^ 'Wthematical research," 
there is appended a set of "Research' Exercises,." These Ifire by no njeans over- 
night homewor^^and any one of them may constitute a project to be executed 
by several students. Such team operations arc conducive to stimulating 4i»s— 
course and critical thinking. - 

* * » 
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, Chapter 1 • ^ 
. MATRIX OPERATIONS 

— k 

' 1-1 > Introduction < / 

As we have studied more and mora sophisticated^ loathematics » we have had 
occasion to use toore and , more sophisticated kinds of "numbers/* We began with 

'the positive whole numbers > 1, 2, 3,...; ,Then, in order to make subtractions 
like 3 — 7 possible, zero and the negative whole ntmibers. 0, -1, -^2*. — 3,..., 
had to be introduced* N&xt^ in order to make it possible to divide any number 
by any^ nonzero number, fractiorfs^like 1/2, —2/3, and —157/321 were invented.* 
'fhis ild not bring us to the end of our- story, for, in order that every positive 
number should have a square rooj, a cube foot, a logarithm, etc/, it was 
necessary *to invent still more numbers: the infinite decimals or yeal numbers, 
such as 1.4142.;., 3.1415928..., and 0,13131313.... Finally, in order that 

* • 

negative numbers should also have square roots, and that. such quadratic* \ 
equations as n * ''^ 

+ X + ' 1 =^ 0 

s 

should have solutions, it was necess;|||^ to invent complex numbers like 
3 + 2i, 1 + rtl, and -1/2 +*(l/37)i. 

'• ^ * 

Whenever there has seemed to be a good reason to do so, we have invented 
new «ets t>f ''numbers/^ For instance, irv inventing complex quantities, we 
began not with the quantities themsg^lves but with a purpose: to find a 
system of numbers each of which has a square root. When we have^ade one 
such inven^tion, it is n6t hard to Realize that*'thei?e is no reason to stop ^ 
inventing!! Why should we not hope to invent many"" kinds of new numbers? 

Of course, it is easy to invent' things that db not work, but harder to 
invent things^ that do work — easy to invent things that are useless, but 

^ • ^ 1 ^ ^ • 
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Tiard to invent things that aVe useful. The same is true of the invention of 
new kinds of numbers ♦ The hard thing is to invent useful kinds of numbers,, / 
and kinds of numbers ^'that work.*' Nevertheless, a large number of more or 
less* successful new kifids of numbers have been invented by\iiiathemati^cja|^^. 

In this book, we are going to study one of the most successful of these ney 

« ■ " * ' 

kinds of numbers: the matrices . < . ^ ^ 

4 * 

. Before we tell y6u what matrices are, it is well for us ,to emphasize 

their Impysrtat^ce . They are usefui in almost every ^brqjich of science and 

engineering. A great number of the computationsi made on ^the giant "electronic 

brains*' ^ire computations with matrices . Man;^ problems in statistics are 
* * t * 

c 

. expressed in terms of matrices. Matrices come up in the mathematical problems 
of economics. They are extremely importaj>lf in the study of atomic physics; 

4 

indeed, atomic physicists express almost all their problems in terms of 

matrices, and it^ would not be an exaggeration to say €Kat the algeUra of. 

matAces is the language of atomic physics, Mfiny o'lfli^r kinds of algebra, 

like complex-^number algebra and vector algebra, whidU some of you may already 

have studied, can be explained veryjeasily in terms of matrices.' So, in 

studying matrices, you will be studying one of the newest and most important, 

as* well as one of the most interesting, branches »of niatheBiatics . 

Let^ us look at a few simple examples. ^ 

* Many a baseball fan, when he first opens ttte newspaper^ refers^ to a 

tabulation similar to the following: * 

1 » J 

-.• - . ■ ^ ^ . • 

• • ' G ^ AB. R H ' , 

^ ,. Aaron . 7^68 280 52 /109 ' 



W-llllams . ^ 52 194 29^ 60 



I 

Mantle 60 228 51 ^-70 

/ 

Lopez 63 24y '38 72 
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I£ he is a Mant##v-'fani he looks at the' enttary in the third row and fourt;h 
c'olu^nn of numbers in orae*r^ tp learn how many hits. Man tl€ has thus far obtained 
during the season. J * • . . ' ^ 

* You will note? that we have /said ''row'' in speaking olE a horizontal j^rray^- 
*and "colunrn*' in speaking of^ a 'vertical array • Thus, the third row ist^ 



60 228 51 70^ 



* * * V * 

and the fourth column is ^ t 

109 V . 

. > 60 * . ' 

v> . . 70 • . ■ ' . . 

72 . • - 

An assembler of TV sets might have before him a table of the following 

« • 

sort: ^ ' * . 



Model A Model B Model 
Number of tubes. 13 18 20 . 

/ 

Number^ of speakers 2 3.4 

■ • ^ 

This table indicates the number of tiH>es and the number of speakers used in 
assembling each models ^ 
.Ofitltting the row and coludn headings, let us focus our attention on the 
arrays of numbers in the last two examples: • . ' " 



68 


280 


32 


109 


"52 


194 


z9 ■ 


60 


60. 


228 


51 


70 


63 


241 


38 


. 72 



^ 




13 18 ^'20. 
3/ 4 



Sufch arrays of entries are called matrices, (singular: matrix) . Thus a 
matrix is a rectangular array of entries appearing in tows and columns. 
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>ctualLy,^ )Hf Btxtriea .may be complex numbers, functions, and in appropriate 

circumatances even matrices themselves; ho'wever, .with* a few exceptiona that 
... ' . . . ^ ^ - ' * - ♦ . — ^ ' ' 

will be clearly itrdlcated^ we shaJLl confine ouj: attentipn to the reaT pumbers 
, with which we ar^already familiari.- • * ^ ^ , ' • 

Spme ex^ples of matrices are the following: - . 





2 


3 .4" 








1 


- 0 -1 




'3.14 t- 




.4 

'2 

^ 6 
-2 



. * [1/2 1/4 1/8] . (1) 



You 'will note \^exe how aquar^ brackets I 2 dre userd in the mathematical 



designation of matrices. ^ " ^ 

» t A great advantage of this notation is the fact that 'we can use it in 
handling large sets pf j^umbers as single units, thus simplifying the statement 
of complicated relationships • - 1 



1-2. The Order of a Matrix 

The order of a matrix is^^given by stating first the number of ^ rows and 
then the number of columns in the matrix. For example, *the order of the 
latrices in the foregoing examples" afe 'respectively 2X3 (read *'2 by 3'*)> 
2x2, 4x1, akid 1x3. Generally, a matrix that has m- rows and n^. 
columns is called an m X n (read "m by n**) matrix, or a matrix of order 
m X n . ^ 



If the number of rows is the same as 'the number of columns, as in the 

second example above, the'n the matrix is square . Thus, ^iven two linear 
^ , - • t 

equations in two unknowns, 



\ 



2x + 3y = 7, 
Ix - 2y = 0, 



V 
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we' observe Chat the coefficients of" and •. y , constitute, a square matrix: 



2 3 
1 



* • ' . • • 

When sp^aUljig of. a square n X-jni matrix^ we of ten,*refer^to its order as ti 
'rather than n~ X n., ♦* For example, the 2'X 2 matrix 



2- . 1 



is a square, matrix of order- 2, and the 3 X- 3 matrix^ 



-1 2 i3 
, 4 '-5 6 
7 • 8 ' -9 



is a square matrix of order 3.* 

If the jjumber of rows is ^1^ aa-in '*the fourth ex&npLe In (1^ above, the 

matrix is called a row mfttrix or a row vector ^ For example^, in terms ^f 

* * * 1/ 

rectangular coordinates > a point in 'a. planeyiuight be designated by the row 

matrjlx [2 3], or a point in space by the row matrix 3 -ij . 

Similarly, a column mati;Ax or column .vector is a matrix having j^st one 

column. Thus, the foregoing points can equally well be designated by column 

matrices t 



or 



3 
-1 



and the number of men, v?omen, and children in a family might be denoted by 



Capital l^e'tters are often used tew denote .general ind.trices, and > the 



f 



corresponding small letters with appropriate suoBcripts are then .employed to 
designate entries. Thus> we might have ^ 



/ 
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A = • 



^11 ^12. ^1>. 
^21 ^22. ^23 
^31 ^32- *33 



and B =» 



'^U ^12 ^^13 
^21 '^^22 ^3 




/ 



In these examples, the .entries located at the iritersect4vOt^ of the 2nd row and 

3rd colymn are denoted by a^^ h^^^ respectively » 

Generally, tx the entry is located at the intersection of the i— th row 

and J-th column of matrix A, it is deno?ld by a^ ^ . An m y.n matrix pan be 

denoted compacCly as Ta^ H _ . Thus, the foregoing matrices A and * B are 

^ . I ijimxn \ % 

^4 



-A = 



= hi] 



3X3 



and . B = 



= ['ij]2X 



3* 



If the order is clear from the context or is arbitrary, the notation niight be 
reduced to • ^ , 



A = ^j.] and By [b^J . 

Associated with each matrix is ant)ther matrix calle/ its transpose , wtiich 
is often convenient to use and has interesting theoretical properties. Xhe 
transpose A of a Tna'tr^x A is formed by interchanging its rows* and columns. 
For example^ if ' * , 



1- .2 2 
3 ^1 0 



then A = 



1 3 

2 -1 
2 0 



Definition 1—1. If A = fa. .1 is an m x n matrix, then the t ranspose A 

^. . L ^Jj ^ ~ ^ 

of A is the n X m matri^ B = 



[b.ri with b.. = a., for each 



V 



i. j (i = 1, 2,...,n; j = 1, 2,...,m) 
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Exercjsea'' 1-2 / ■'- / ^ * ■ i 

. — ' ■^'^ — r~7' • ■ / / ♦ • /• 

(a) Ot>tain from a newspaper or other similar source, six examples Qf 
information presented itt^mattix fomi. / • * 

I / 'hi 

(b) In each of your e3tampieg,_ state th^/6rd^ of the matrix. 

(c) In each of the examples, suggeaft aA aitemative method (not;in matrix 



.form) of presenting the Same information,. 



A row vector with*,. three entries; caw be used to tabulate a person's age, '. 



. hfeight, and weight. ^ 



Iff 



1 



(a) Give ^ row vector that lists your ^ge^ height, and weight 

(b) ' SuggeVt'when it/might be useful to employ such a vector. 
'L^t /' / ' 



/ 



1 


2 


' 3 


4 


8 


10 


'12 


14 


-1 


-3 


—5 


6 




3 


-7 


8 



^ (a5 What is the order of A? 

(b) Name the entries in the 4th row. 

(c) Name the entries in the 3rd column 

(d) Name the entry a-^. 

43 

(e) ij^e the entry a^ 
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(f) Name the entry a^^^ . 
^ (g) Write the transpose 
Let 



B 



6. 



/ 



(a) 
(b) 
(c) 
(d) 

(e) 

\o 

(a) 

t 

(b). 

% 

(b) 
(c) 



What is the order of 

Name the entri;ps in the 3rd column*^ 

Name the entry b^^^ • , 

For \»h^t values i, j is ^^••O? 

For vhat values i, j -is bj". « 0? ' 

Write the transtpose B . 



Write a 3 X 3 matrix all* of whose entries are whole numbers* 
Write a 3 X 4 matrix none of whosB entries are whole numbers 
• Wtrite a 5 X 5 matrix haying all entries in its ^irB,t^ two ro.ws 
positive, and all 'entries in its^ l,ast .three*" rows negative 
How many entries are there in a 2 X 2 matrix? - 
In a 3 X 3 matrix? j ' 

In an n .X ri matrix? * 



1-3 > Equality^of Matrices 

Tw) matrices are equal provided they have the same order and each entry 
in the first is equal to the corresponding entry in the second* For example, 











2 












1 






~ 1 2X2 2-2 




4 




. 2 


> 


X - 1 




(x-l)(x+l) 


2 8 4 


\ 


4/2 16/2 8/2 




8 

- « 












x* 



but 



12 3 
4 5 6 



1 4 

2 5 

3 6 



[o.o] 



Definition 1-2 , Two matrices A and B are equal > A = B, if and only 
if they ^re of the same order and their corresponding entries are equal. 
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if and only if a^^ =» b^^ for each :'i,j Xi ' lf2,.,.>m; . ,1 =" 1, 2,4.,,n). 
Using the foregoing definition of equality, we can exp^ress certain 

» ■ ^ \-' : \ . ■. ■• • . 

relationship^ »mor^ compactly. For ejcamplei the equatix>n 

' •/ . . 



'2x + 


j3y 


r ' 

sst 


7 


3x - 


y 




^2 



can be f employed instead of the two s 



2par*^e equations 



2x 
3x 



and 



X +^ a + b 



X — y a 



- b 











|r - 2; 




-r" 




1 . 3 



cati be written in plac^^of the four equations 



X + y a 5 
X — y .=« 1 



a *f b « - 1, 
a — b » 3. 



Exercises 1-^3 



Solve 


the following equations: 










(a) 




3 - 


2 

y_ 




1 




(b) 




X — 


2y' 


1 ^ 








• 


X + 


y 




3 




(c) 




~ 2 
X • 

_X 


y 

2 

y 






-1 
1_ 
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2. 



,f*roin ,the- equalities of '\:he niatrices A = B and B.= C, would you cohclude 
that A = C? Why? . . " ; 



3. Write the^-matrix 



*21 ^22 ^23 



4 . f 



if 



21 + 3j - 4. 



Write the matrix^hoae entries are the sums of the corresponding entries 
of tl^e matrices . ^ 



■ 1 0 

2 -1 

-3 4 

0 1 



and 



/L 



0 


2 


-3 


4 


2 


1 


.0 


4 

0 



\ 

Write the matrix whose entries are the differences (fir^t minds second) of 
■I 

the corresponding entries in Exercise 4^ ^ 



r 



lAf . 



Addition of Matrices 



We Mve now defined matrices and studied some of their most elementary 
^properties • But we liave not really i^acle them work. To do this, we must give 
rules tfor adding and multiplying mAtrices> just as was done with complex 
|f<^imbers* If these numbers were defined bluntly as expressions of the form 
a + bi, without the operations of addition and multiplication, and without 
relation to the solution of such equations as 

■ X + X + 1 = 0, 



/ 



they would be of relatively little interest. What gives life .to complex 
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numbers is the^fact that we are . able to define addition and multiplicaticfn 

\ ^ ' ... 

for them in such a way^ that we hav^ a whole algebra of tomp-lex p\nQb^^^> which 



is indeed useful t^d interesting* 



The same remaric applies to matrices ♦ To give the study of ''matrices its 
real content^ we must define "Sum*' and "prqduct'V f^ matrices in this section, 
we define and- study sums af matrices. ?roduc4:s will be considered \ater. 

* You w'ill recall ,that whe,n-v.tvp c^m(plex numbers are added/' f^ example 

' " '~* ^ "\ • * * 

y + 5jjL and —2 + 4i, * the two re^l component s^anS the two im&ginax^_compo^e](its* 



are added separately. * Thus 



\ ■ 



(3 + 5i) + (~2 + 4i) = (3 + (-2)) + (5 + 4)i = 1 + 9i. 



If 'we represent the complex numbers ha column vectors, we find their sum 
hy adding corresponding entries; thus, 



-2 
4 



This suggests the pattern used in adding matrices \>f the same order, ^ 
I The sum of two such matrices is obtained by adding the individual entries in 
corresponding positions. For example, ^ , ' 



2 


3 


1 


+ 


-4 


2 1 




-2 


5 


2 




0 


A 


1 


3 -2 




0 


3 


2 



Since we shall not even give a rule by which matrices of different orders 
could be added, we shall add two matrices only if they are of the same order. 
Two matrices that have .the sam^ order are said to be conformable for addition . 
The sum has the same order as the two addends. 



Definition 1-3. The BuiSt A + B of two m Xn matrices A and B is 



the m X iv*-inatrlx C -^such 'that the el^pt c^^ in th^ i-th row aiid j-th 
^ column <sf C is equal to the ^um a. . + b_, , of the elements a., and b 
in thift i-th row and j-th colunm of A and' B, respectively. 



« Thus» 



For^^instancfi, 




IJ 



\l 


^2 ' 


1 ' 






JL ^ 


^1 


+ b 0 


/12 


+ "12 




^11 


#1 

nL2 


^21 


-^22 


+ 


^2 




^21 




.^22 


+ ^2 




?21 


^22 


*31 

_ » 


^32 




hi 


"32 




^^1 




*32 


+ '>32 




^^31 


^32 



^ If we consider all m Xn matrices, w4th m and n fixed, as constituting^ 



a set , 
m,n 



and if A and- B are elements of S , then A + B is also 



an element of this set* That is, if -A(€ S (read ''A is an element of 
f m,n 

SlC**^) B € s , then (A + B) c S • 

In Xhe algebra of real niombers** R, Vhe equation 

1 ■ 



a + 0 



is b^ttsfied for all a e R (this time, read "for all a e R" as "for all " 

Clements a of > R") / Accordingly, we say that 0 is the identity element for 

addition in R. In the algebra of matrices, the matrices all of whose entries 
— • ■ • • \ 

are 0 play a corresponding role. Thus, 
f 1 "i 



2 3 
-1 4 



0 0 

0 0 



2+0 3+0 
-1+0 4+0 



2 3 
-1 4 



Such a matrix is called a zero matrix and is denoted by 0. If the order 
m Xn is significant, we write 0^^^; or,, if the matrix is square, we might 
write 0 , where n "Wicates'the order of thfe matrix. Thus, 
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2] 



13 

( 



2X3 





"0 


0 


o" 






"o 


0 


o" 










> 


s - > 


0 


0 


0. 




0 


0 


0 


« 


0 


0 


0 












p 









•the equation 



A +0 . » A 
mxn mxn mxn 



clearly is valid . for all A 



n 



The addition of, matrices is a conaaiutatdve operation, as we can readily 



verify. Thus, 
t 



*11 ^12 ^13 
*21 *22 ®23 



^11 ^2 ^3 

I 

^21 ^2 ^23 



^1 ^2*^3 
^21. ^22 ^3 



^11 *12 ^13 
^21 ^22 *23 



. In particular, the sum of the- two matrices on the left is a matrix having 

*12 ^12^® element in the first row and second column, and the corresponding 
' element df the sum on the right is h^^ + * 

^2 -^^2 "'^2 +S2* 

t 

» 

by the commutative law for the addition of real numbers. 

The foregoing observation holds generally, of course, so that we have the 
following resuJLt: , ' * 

'4i I r 

Theorem. 1-1 . If the matrices A and B are canform4ble for addition, 
then they satisfy the commutative law for addition: 

• ; ■ ■ . . - ■ 

^. A + B«B+A. t 

Proof, We have 



ERIC 



9p 



^ 

» • 



14 



+ A- 



Thus, in terms of our usual notation, the element in the i— tli row and 

• * . . . «^ ^ 

j— th column of the sum on the left is a . , + b 'S and the corresponding 

p * ^ 

element of the sum on the right is b + a . , But 

ij ij * . 



•t N 

b =* b + a * 
ij . ij ij' 



by the commutative law. for the addition of real numbers; hence the theorem 
follows from the 'definition (Definition 1-2) of the equality of two matrices - 
The addition of confcrrmable matrices is also associative; that Is, 



A + (B + C): = (A + B) + C. 



For example. 



2. 3 
-4 0 



-1 2 o" 
-2 0 1 



10 4 

i 

5 12 



2 3 1 
'4 0 6 



0 2 4 

IP ' 



2 
-1 



5 
1 



5 
9 



and also 



2 


3 


l' 


+ 




"-1 


2 


0 


)• 


1 


0 


4 


-4 


0 


6 






-2 


0 


1 




5 


1 


2 


' 1 


5 


1~ 






1 


0 


if' 




2 


5 


5~ 




0 


7 






5 


1 


2 




-1 


1 


9 



/ 
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J ' . . '15 

We can state the associative property as a theorem and prove it, as 
^ follows: ; - 

• Thecwrem 1-2 . If the matrices A, B, and C are ct>nfprmable for addition* 
then they'^ satisfy th^aq*sociative law for addition: .^^ , 

* * . A + (B t C) - (A + B) + C.-, ' ' • r 

Proof. We note that, in terms of our usual notation, the element in the" 
i~th row and j~th column of the s\m on the left is a^^ + (b^^ + 
the corresponding element of the sum on the right is (a^^ ^ *^ij^ ^ ^i j * 

You can complete the proof of Theorem 1—2 by telling why this last equality is 
valid for all real numbers ^ij* ^ij* this equality ^ 

implies the matrix equality 

A + (B + C) « (A + B) + C. * 

t 

...» » 

Since \t is immaterial* in which order the matrices ^re added, we write 
A + B + C for either expression: 

* 

A + (B + C) = (A + B) + C =- A + B + C. 

Once we know how to add numbers,* it is usu^l to consider subtraction. You 
%?iH recall that the. negative, or additive inverse, of the real number a is 
denoteid by —a. It satisfies ^he equation - 

a + (-a) - 0. ^ 
/ 

Subtraction of matrices arises in a similaf manner. 



4 



16 



1' 



4 



written -A 



Definition -^r^jlSfs Lpii* A De an m^. n--inatrix, Then the ^negative -of A, 



, is the m j< n \«iatrix' each af whose entries is -^he negative o^f 
the corresponding )6'ntiry of A. .> . ' ^ 



0\ 



DeflmrtlC^ 1-5 : If .A and tfrie twV'm^^ n matticessj ftheh ttje : 
difference of A and B, designated by A — B, is the rsum oi the matri 

'» * _ .. . 

, A and the^negative B. \' ' 



ces 



Thus, .for A + B), where A- and BJ are matrices of equal orders^ we 
write A — B and say thatj.the ^symbols indicate tshat B is to be subtracted 



from A* For example, ^ 



2 13 
4 d -1 



0 1 -2 
3 4 1 



2 0 5 
1 -4 -2 



and 



" 1 ^t-c 
t+c 4 



I t 

c 2 



J 



9 -c 
t ^ 



J^ow we can easily prove the followifng theorem: 



Theorem I— 3» If * A and B are m Xn matrices, then 
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^ (a) I + (-A) = 0, 

(b) - (-A) - A, 

(c) - 0 =« 0, 



Proof of Theorem 1—3 (a) 



(A + B) » (-A) + (-B) 



The entry in the i— th row and j— th colunm of 
♦ • • 

9:: 
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—A is, by definition, i • Thus the entry in the i-th row and j-th column 

of A ^ (-A) is* a + (-a ). But/ a -K(-a ) - 0. Hence,- every entry 

f. " • 
A + (—A) is 2ero;*that is, A + (— A) ta th|^2ero matrix. 

^ The proofs of the remaining parts are similar and are left to the student 

^as exercises, k Hl 



Exercises 1-^4 



1. Find values x» Vf^^y h that satisfy the matrix relationship 



2. If 



3 


2y 


1 


4x 


3 








1 


1 


-5 


6 


,•8 


-3 


• 6 


8 



3b 



2b 



and B = 



0 




- .6 


-3 




2x 


-{- 4 




-21 








-3 


4 


"8 


-2 


6 


-1 


0 


2 


3 


4 


-1 


8 



determine the entry in the sum A + B that is at the intersection of . 

(a) the 3rd row and 2nd column, 

(b) the 1st row and 3xd column, 

(c) the 4th row and l^t column* ^ 

iv Ccyipute ^ 

\ 



'l/2 


1/3 




1/6 


i/7 






1/4 

— 


l/5_ 




1/8 


l/9_ 




4 



4. Compute 
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— 

1/2 


1/3 


1/4 ' 




1 


0 


0 




1/5 


1/6 


1/7 


+ 


0 


1 


0 




1/8- 


1/9 


1/10 




0 


0 


1 



3* Compute 



\ 





X 


y 


Z 




l—x' 




—2 




p 


8 




+ 


-y 


l-s 


-t 




u 


V 


\9 






—V 


1-w 



6. (a) Does^he sum 



3 
1 



2 1, 

3 2 
1 2 



make sense? 

(b) Does the sum 



3 
1 
3 



2 1' 

3 2 
1 2 



make sense? 

(c) What "^is the latter sum? 
7 J Compute ^ 



110 
10 1 



3 2 1 

4 17 8 
9 6 14 



+ 0, 



+ 0, 



0 1 3 
14 8 6 
1+V^ 11 11 



27 



10 



11 

•12 
13 
14 



i 



8 . .Compute 



/ 



9 . Given 



A « 



1 2 
3 4 
5 6 



B 



2 -1 

3 -2 
0 1 



and 



-2 -4 



compute the following: 

(a) + B, 

(b) ' A + (B -i- C) , 

(c) A B, 



(d) (A - B) + G. 

(e) (A + B) + C. 

(f) B - A. 



19 





































1 


2 


3 




9 


8 


7 




• 0 


0 


0 




10 


10 


•lo" 


• 






































4 




6 


+ 


6 


5 


4 




0 


0 






10 


10 


*10 






7 


8 


9 




3 


2 


1 




0 


0 


1 




10 


10 


• 10 




> 



V 



conclusion can be drawn? 

A 



(a) In Exercise consider the answers to parts (b) . and (e) • What 
law is illustrated? * 

(b) In Exerci^ 9, consider the answers to parts (c) and (f). What 

I 

c 

A 

Prove Theorem 1-3. (b) • 
Prove Theorem 1-^3 (c) . 

Prove Theorem 1—3 (d) . . ^ 

Assuming that A and B are conformable for addition, prove that 
A^ + = (A 4- B) . 



1—5, Addition of Matrices (Concluded) 

The theorem^ given in Section 1-^ include exact analogues of all the basic 
laws of ordinary algebra, insofar as these laws refer to additioff and subtraction. * 
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We know that all of the more complicated algebraic laws concerning a4dition 
and subtraction are consequences of these basic laws. Since the basic laws of 
the addition and subtraction of matrices are the s^e as the basic laws orf the 
addition and subtraction of ordina^^ algebra, all the other laws for the 
addition and subtraction of matrices must be the same as the corresponding lavs 
for the addition and subtraction of numbers* We can state this as follows: 
Insofa:r as only addition and subtraction are involved^ the algebra of 
I matrices is exactly like the ordinary alfeebra of numbers . 

So you do not have to study the algebra of iidition and subtraction of 
matrices - you already know it I ^ut now the algebra that you already know 
^ has a new and much richer content. Formerly, ^*Tjt could be applied only to 
numbers* Now> it can be applied to matri«^s of any order. Thus, we have 
obtained a very considerable result with a very small effort, simply by 
obse^ing that our old algebraic laws of addition and subtraction apply not 
only to numlifers, but also to quite different kin<fa of things, namely, matrices* 
This very powerful trick of putting old results in new settings has been used 
many times, and often with great success, in the most modern mathematics* 

A good example of the gftneral principle emphasized abov^^is provided by 
the following problem. Suopose that A- and B are known matrices of the 



same order. How can we solve the equation 



X + A » B 



for the unknown matrix X? The apswer is easy. We do exactly what we learned 
to do with numbers. Add the matrix —A to both sides. This gives 



X + A + (-A) « B - k. 



'.Since A + (-A) - ^0, ^.and + 0 =• X, we have 
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X - B - A. 



This is our solution. 



Exercises 1—5 



1. ,Solve the equation 











0 


I 




1 0, 






as 




1 


0 




0 1 



^ for the matrix X« 
Solve the equation 



• 




0 


0 


1~ 




"2 


1 


1 




X + 


0 


1 


0 


a 


3 


2 


3 






1 


0 


,Q 




4 


3 


4 



for 

3. . If 

4. If 



the matrix X. 

- [Mi 0 



^2 ^3] -["^ 0 2] -[-6 2 -3j 



determine 



[^1 ^2 ^^3] 



1' 




"1 




0" 




1 


+- 


^2 


as , 


1 


, determine 


2 




"3 




-1 





5. If 





'2 -3' 




Xj^ x^ 




-3 


4" 




4 0 




7l ^2, 


% 


5 


-1 


x^. x^ 




and 


^2- 









6. Prove that if the matrices A, B, and C are conformable for addition, 
♦ . ■ 

then' (A + C) - (A + B) ^ C - B. 



-er|c 



on 



22 



7 • Is the equation 



1 


0 


0 




1 


0 


0 




2 


3 




2 


3 




0 


2 


3 




0 


2 


3 
















1 


0 


4 




1 


0 


4 




1 


2 




1 


2 





valid? 



1^:6 ♦ Multiplication of a Matrix by a Number 

Once^e know how to add nximbers, it is custoina:ry to define 2x as the 
aim X + X, 3x as the sum 2x + x> etc* Fractional parts of x are defined 
by requiring that (l/2)x + (l/2)x « x, (l/3)x + (l/3)x + (l/3)x » x, etc. 
All of this can readily be done with tnatrices. If we add two equal matrices, 
the sum is clearly a matrix 
Ing entry in the two given matrices. Thus 



in which each entry is exactly twice the /co]f respond— 



2 


3~ 




2 


.3' 




" 4 


6 










+ 
















-1 


0 




-1 


0 




-2 


0 



























2(2) 2(3) 
2(-l) 2(0) 



Likewise, for three equal matrices ^ai have 



2 


3 


+ 


2 


3~ 


+ 


2 


3 




6 


9~ 


-1 


0 




-1 


0 




-1 


•0 




-3 


0 




3(2) 3(3) 
3(-l) 3(0) 



A 



Each of the above sums may be considered to be the product of a number and 
a matrix. "We write ^ 



2 


3' 




4 


6 














'0 




-2 


0 


2 


3 




6 


9 


-1 


0 




_-3 


p.- 



( 
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The equation 



23 



*Q A "4" ^ 2i » ™ 



defining the<inatrix (1/2) A,# t& clearly satisfied by the matrix each of whose 
entries is exactly 1^ the corresponding entry of A; the equation 



defining the matrix " (1/3) A, is 



entries is exactly 1/3 the corresponding entry of A. 



These considerations l.ead us 



Definition 1— 6 . The producti 



clearly satisfied by the matrix each of whose 



matrix A is the . m X n matrix 



to make the following general definition. 



cA « Ac of a niimber c and an m X n 
B such that the element b^^ In^he i— th 



row and j-th column of B is eqtial to the product ca^^ o^ the number c 

le J^th ^ow and j-th colimm of A.- 



and the entrjjr: ^ a^^ in the^^^th 



Thus, 



^[^j]mxn'[^j]mxn^'[^^ 



ij 



mXn 



For example, 





■^1 


^12 






"^2" 


c 


^21 


^22 




"^21 


^^22 




_^31 


^32_ 




^^31 


^"32 



Note that here we have defined the product of a matrix by a number , not 
the product of two matrices • It is possible also to define the product of two 
matrices; .this will be done in Section . 
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Now we may state the following^ theorem about, products of matrices by 



numbers* \^ \ 



Theorem 1-4 > If A and B are m X ti li^'trice^, and x and y are 
numbers » then 



(a) x(yA) = (xy)A, 

♦ 

(b) (x4y)A « XA -h yA, 

(c) . (-t)A - - A, 

- \ - . 

(d) x(A + B) ~ xA + xB» 

(e) X 0 « 0, ^ ' • * 

(f) 0 A - 0. • 

Part (e) states that the product of a ntmiber and the zero matrix, is the 
zero matrix, and part (f) states that the product of ther^^ero number and any 
matrix is the zero matrix. 

r N 

Proof of Theorem 1-4 (d) . The entry in the i— th row and j— th column of, 

the matrix A + B is a^^ + b^^ . The entry in the i—th row and j--th column 

of matrix x(A + B) is therefore, by definition, x(a. . + b, .). Now the entry 

^ ij ^ ^ 

In thp i--th row and j— th column of the matrix xA is x a^.; that in the 



r 

i;-th row and th column of the matrix xB ij x b^^ » Thus the' entry in 

the irth row and i— th column of the miatrix xA + xB is x a. . x - Sine 
I ij 

tj^fl^ntries are numbers and, for all numbers, a(b + c) = ab -f ac, we have 



x(a, . iHb, .) = xa, . + xb.., 
; ^ xj ij^ ij ij 

sog^that each entry in the matrix x(A + B) is the same as the corresponding 
entry of the matrix xA + xB. Hence, 



3.1 



A 
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x(A + B) = xA + xB. . 

The other parts of the above theorem may be proved in a^almllar way* 
When we studied the laws go>erniing the addition and subtraction of 
matrices^ we saw that they were parallel to the laws governing addition and 
^Bub traction -in ordinary algebra. Iche situation when we come to the raultiplica-- 
^'tlon of matrices by iiumbers is rather similar, but not exactly the same. The 
various parts of Theor«n 1-4 resemble the basic algebraic laws for multiplica- 
tion very closely* Thus, many of the more complicated ordinary algebraic laws 
and |>rocedures governing multiplication still remain correct for expressions ^ 
"involying the multiplication of matrices by numbers. The differencef is that 
the product of a number .by a number is % number, but the product of a matrix 
by a nxjmber is fiot a number but a matrix . 

We are now able to solve some fnatrix equations involving addition, 
subtraction, and multiplication by a number. Let us look at an example. 
Suppose we want to solve the equation • 



-2 X + 



12 3 
0 12 
0*0 1 



3X + 



10 0 

0 0 0 
0 0 1 



We first perform the indicated multiplication by -2, in accordance with part 

/ 

(d) of the above theorem, to get 



+ 



-2 


-4 


-6 




1 


0 


0 


0 


-2 


-4 


= 3X + 


0 


p 


0 


0 


0 


-2 




0 


0 


1 



Then we add 2X to both sides of the equation to obtain 
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-2 -4 
0 -2 
0 0 



-6 
-4 
-2 



3X + 2X + 



10 0 
0 0 0 
0 0 1 



Next «se part (b) of the theorem to find that 3X + 2X « 5X, so that 



-2-4-6 
0.-2 -4 
0 0-2 



5X + 



Adding 



to both sides, we find that, 



10 0 
0 0.0 
0 0 1 



10 0 
0 0 0 
0 0 1 



-3 -6 
0 -2 -4 
0 0-3 



5X. 



Multiplyiijg both sides 'of this last equation by 1/^, we see by*part (a) of 
the theorem that 



-3/5 -4/5 -6/5 
0 -2/5 -4/5 
0 0 -3/5 



This is our solution. 
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Exercises 1—6 



1. For 



3. 



2 1 -3 
10 4 



B 



3 0 5 
6 9-1 



and C 



5-10 
7 8-1 



determine the result of the following operations: 
(a) 2A - B 4^' C, (c) 7A - 2(B - C), 

(d) 3(A - 2B + 3C) . 



2 . For 



(b) 3A - 4B - 2C, 

\ 



2 


2_ 2 




3 


3 


3 


2 


1 -3 


*, B - 


3 


0 


5 


• 1 


0 4 




6 


9 


-1 



and C 



4 4 

5 -1 
7 8 



determine the resurt of the <|ol lowing operations: 

(a) 2A- B -t;^C^ \- (c) 7A-2(B-C). 

(b) 3A - 6B + 9C. .. <d) . 3(A - 2B -jj 3C) 



■7 



Let A, B> and C ^e the matrices of^, Exercise 2. Solve the equation 

I (X + A) + 3(X + (2X + B)) + C, 
giving all the steps in detail, and justifying each step. <^ 

V 

Let A, B, arid C be the ^oaa trices of Exercise 2. Solve the equation 

. 2(X + B) = 3(X \ (X/2 + A)) 4- C. 



5* Prove Theorem 1-4 (a) • 
6. Prove Theorem l--'4 (b) • 



1—7. Multipiication of Matrices 



Thus far, we have defined and studied the addition and /subtraction of 



3f; 
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matrices and the multiplication of a matrix by. a nxmber» We still have not 
defined the product of two matrices. Since the fonaal definition is somewhat 
complicated and may at first seem odd» let us look at a simple practical problem 
that will lead us to operate with two matrices in th^ way that we shall 
ultimately call multiplication* 

In Section 1— 1> the number of tu^es and the number of speakers used in* 
assembling three different jaodels of TV sets were specified by a table: 

^ . Model A Model B Model C 

Number of tubes 13 18 20 

* Number off speakers 2 3 4 ^ 

• • • • . 

This array will be called the parts— per-set matrix. 

Suppose or4€trs were received in January for 12 sets of model A, ^24 se*ts 



of model B, and 12 set^ of model C; and in February for 6 sets x>f model A, ^ 
12 of model B, and 9 of model C* We can arrange the information in the ^ form 
of a matrix: 




» 




January 


February 


Model 


A 


12 • 


« 

6 . ^ 




B 


24 . 


12 


Model 


C 


12 


9 



This will be called the sets^er-month matrix* 

To determine the number of tubes and speakers required in each of the 
months for these orders, it is clear that we must use both sets of information. 
For instance, to compute the number of tubes needed in January, we multiply each 
entry In the 1st row of the parts-per— set matrix by the carresponding entry in 

— > 

the 1st column of the sets-per-month matrix, and then add the three products, 
Thus> the number of tubes^ required in January is 
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^3(12) + 18(2^) +.20(12) 828. 

s 

f 

To compute the number of speakers needed in January, we multiply «ach entry 
in the 2nd row of the parta-T)er-det matrix by the corresponding entry in the 
1st column of the sets-per-month mati;^ and then add the products • Jhus, the 
ntimber of speakers for. January is 

' 2(12) + 3(24) + 4(12) - 144. 

For Febrtiary, first we multiply the entries from the Isvt row of the parts-per- 
set matrix; by the corresponding entries from the 2nd column of the sets-per-^ 
month matrix and add to determine the nximber. of tubes; secondly » we multiply . ' 
the entries from the 2nd row of the parts— per-set matrix by the corresponding 
entrie^ from the 2nd column of the sets-per-month matrix and add to determine 
the ntmiber of speakers. Thus the nvmibers of tube's and speakers for February are, 
respectively. 



and 



13(6) 4^18(12) + 20(9) - 474, 



2(6) + 3(12) + 4(9) « 84. 



We can arrange the four sums in an array, which we shall call ithe part 

\ 

per-month matrix: 



Janua ry Fe b rua ry 

828 474 
144 ^ 84 



Number of tubes 
Number of speakers 



Can we now represent our ''operation" in equation form? Let us try: 

^ 13 18 20 

2 3 4 



12 


6 




■ 828 474 




24 


12 




144 . 84 


(1) 


12 


9. 










3S . 




4» 



30 



™-..We have "multiplied" the p&rts-^er-set matrix by the sets-per-inonth matrix to 
get just what should be expected, the parts— per-month matrix'. 

Note that, in Equation (1), 828 equals the sum of the products -of the 
entries in the Ist row of the left-liand factor by the corresponding entries 
in the 1st column of the right-hand factor. Likewise, 474 equals the sum of 
the products of the entries in the 1st row of the. left-hand factor by the 
corresponding entries in the 2nd column of the right-hand factor, and so on. 
Consider the "product" matrix 



828 474 
144 84 



r 



in the symbolic form. 



^11 ^i2 



*21 ^22 



The subscripts indicate the row and column in which the entry appears; they 



also indicate 'the row and the col,jrain of the two factor matrices that arfe 



combined to g6t that entry. Thus, the entry a^^ in the 2nd row andS.8 



column is found by adding the products formed when the entries Ifi tjje 2nd 
row of the left--hand factor are multiplied by the corresponding entries In the 
1st coltamn ^f the rlght--hand tact6r. The mo«t concise description of the 
process Is: ">faltlply row by column ,'' . ^ 

The description, "Multiply row by column ," of the pattern in the foregoing 
simplp practical problem serves as ouj/feuide in establishing the general rule . 
for the multiplication of two matrices* Very simply the rule is to multiply 
entries of a row by corresponding entries of a column and then add the products. 
Thus* given two matrices A and B, to find the entry in the i-th row and • 
th column of the product matrix AB, multiply each entry in the i— th row of 
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the left-hand factor A by the corresponding entry in the'^— th column of the 
right-hand factor B, and then add all the resulting terms. Since there must 
be an entry in each row of the left-hand factor to match with each entry In a 
coluum of the right-hand factor^ and conversely, the product is not defined 
unless the number of columns in the left-hand factor is equal to the number of 
row6 in the right^xand factor. When the number of colunms in the left-hand 
factor equals the ni^l^r of rows in the right-hand factor, the matrices are 
conformable for multiplication . ^ 
A diagram can aid understanding; see Figure 1—1. 




n 



Figure 1—1; Matrices A and B that are conformable 
for multiplication* The nujnber of columns A must 
be equal to- the number of rows of B.' Then the product 
AB has the same number of rows as A and the same 
number of columns as B. 

An entry in the product AB is found by multiplying each of the n 
entries in a row of A by the corresponding one of the n entries in the 
column Of B and taking the sum; see Figure* 1—2. 



\ 
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4 




j-th 

column 

of 

B 



— — JPosition of 
entry c^^ 

C --AB 



n 



^ Figure 1-2 • Determination of an entry in the product 
AB of laatrices A and B that are conformable for 
multiplication « 

« 

Thus, to muXtiply * ^ 





» 


"i 


2 


3 








0 














by 












A « 


4 


5 


6 


B « 


2 


1 








7 

mm 


8 


9 






4 


I 





we first write 



1 0 

2 1 
4 1 



12-3 
4 5 6 
7 8 9 
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To detertnlne the entry in "the 1st ro\^ and Ist column of the product AB» 
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we compute aa^ follows: 



\ 



4r I- 




1+4+12-17 



Detemi^j^Qg one entry of the product after another In this way> we finally 
obtain the completue answer for the product ^piBrC^ 





> 




1 


/ d 








2 


> 

1 








«^ 


1 












1 




< 


17 


5 


4 


5 6 




38 


11 


7 


8 9 




59 


17 




(Check each of the entrle^ of the ^answer yourself.) <That Is, 



AS 



17 5 
38 11 
59 17 



To get the answer^ 18 multlpllcatim^ and 12 additions of paira of numbers are 
necessary. ^ . . ' 

Although it may be a bit confusing at first» we place the factors adjacejcit: 
to e&ch dther in the following examples since this is the arrangement usually 
employed: 



(a) 



1 2 
3 1 
-1 2 



12 3 
4 0 1 



1(1) + 2(4) .1(2)* + 2(0) 1(3) + 2(1) 
3(1) + 1(4) 3<2) + 1(0) 3(3) + 1(1) 
•1(1) + 2(4) -1(2) + 2(0) -1(3) + 2(1) 



9 2 5 
7 6-^0 
7 -2 -1. 



(c) 



[l 7 3] 



[l(2) + 7(4) + 3( 1)]- [p] , 



[1 7 3] 



2(1) 2(7) 2(3) 
4(1) 4(7) 4(3) 



1(1) 1(7) 1(3) 



\ 

i to a 



i 



2 14 6 
4 28 12 
17 3 



\At us now proceed. to H^flne umltlpllGatlon formally. 



Definition 1-7. Let 



i 



XP 



an 



dC^ B « fb 



[Vjpxn 



be matrices of order m X p ♦ and p X respectively* The product AB 
is the matrix of order m^^X o^ which the element in the i— th row ahtJ the 
j— th colximn Is the sum of the products formed by urultiplying elements of the 
i— th row of A by corresponding elements of the j— th coltmm of 



* The definition of «xe product of two matrices can be e:q>resaed in terms 



35 



1\ 



of the notation^' for sums. Recall that, in the ^ notation,'^ we write 

the si2&\ ' 



S - X, + + • + 

12 n 



o£ n numbers as 



In this notation, the sum 



+ a. . 

. in nj 



is expressed as 



J', \i 



This notation enables us to express Definition 1—7 more compactly: 



Definition 1-7' . Let 



[*ij] m 



XP 



and B 



[^jkjpxn 



be matrices of order m Xp and p X n» respectively. The product AB is the 
matrix of order m x n, given by 



AB 



Note that we have defined the product of two matrices only when the number 

of columns of the left-hand factor is the same as the niimber of rows of the 

/ 

right-hand factor. Also note that the number of rows in the product is the 
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same as the number of rows in the left-hand factor, and that the number of 
columns in the product is the same as the numl^er of columns in the rj^ ^ t--hand 



factor » • 



Exercises 1—7 



I. Let 



A 



\ 



2 0 3 
-14 9 



B 



1 
0 
-1 



O -1 
-1 1 
0 • 11 



c - 



\ 2 

4 5 

7 8 

1 0 



3 
6 
9 
1 



» and D <> 



-1 -1 
2 2 
-3 -3 



State the orders of each of the following matrices: 



(a) AB, 

(b) DA, 

(c) AD, 
<d.) CB. 



(e) BD, 

(f> D(AB), 

(g) (CB)(DA),\ 

(h) B(DA) . 



2. 



/ 



Pferform the^following matrix raultiplication, where possible; 

G 



(a) 



<b) 



[12 3*] 



f 
3 

4 



[1234]. 



4^ 



(c) 



2 3 4 
-1 -2 0 



4 2 
6 1 
3 5 



1 3 



4 
6 
3 



2 
-1 



3 4 
-2 0 



0 
0 



2 
2 



12 3 4 
0* 2 ~1 6 



3 4] 

[r % ■ 



3, Let X - [2 -2 4], Y » [0 1 2] , 



U 



and W 



-1 
-1 
2 



Compute the following: 



(a) 5UX, 

(bj^ (5W)(3p, 

(c) 5XU - (2X - Y)W, 



(d) (U-W)(X+Y). 

(e) XU + YW. 

(f) (X-Y)(U-W). 



4. Perform the following matrix multiplications: 



6 4 
2 0 



(a) 


1 


0" 




0 


1 






' 1 


0 


0 


(b) 


0 


1 


0 




0 


0 


1 



^2 ^3 
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3a 











\ ^2 


^3 




^1 ^2 


^3 








« 


^ 2 


^3 




Ct^ 0 


o' 




ft 


Q 










0 0 


0 




0 b 

1 


0 




0 0 


0 




12 1 






2 12 






13 1 





2 0 0 
0 2 0 
0 0 2 



\ ^2 
^1 ^1 





^2 


^3 


^1 


^2 


^3 


^1 


^2 


^3 



0 10 
10 0 
0 0 1 



If 



(g) 



0 


:i 


2 




1 


2 


1 




1 


0 


0 




2 


1 


2 




0 


0 


i 


* 


1 


3 


1 





A = 



B = 



1 
4 



-1 0 
0 1 



and 



test the rule that (AB)C = A^BC) . 



1 




,et 
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9 . 



A 



12 3 

4 5 6 

7 8 9 
V 
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and B « 



1, 0 -1 
-10 1 
-2 0 -1 




\ 













AB, 




A(B + B*"), 


Cc) 


AB^» 
BB^» 


(g) 
(h) 


A(B - , 
AB AB*^, 


(d) 


(AB)B*', 


(i) 


AA ~ BB bS\ 

> * 




ACBB*"), 


(j) 


(AA)A. 



f 

J 



7 • Let"*^ denote the identity matrix of order 3 (see j^age 52^) j 



\ 



10 0 

0 1 "o 

0 0 1 



Let A and ^ be as in^ercise 7. Ckjmpute AI 
(AI)I and ((AI)I)I. 



8 . Let 



, " BI,\and B*^I. 



Compute 



J 



1-3 2 
12 1 



and B 



Find (AB)*^ ^d B*^ A*^, 

For ^ certain manufacturing plant, the following information is given: 



Cost 



Part 1 Part 2 Part 3 
2 3-5 




4.^ 



s. 



Part 1 
Part 2 
Part 3 



SubasaemMy 

4 
3 
7 



Subasseml^ly 2 



1 

5 
2 



Subassembly h 
Subassembly 2 



Mi^del 1 Model 2 Model 3 



2 
3 



I 

4 



2 
5 



Modftl 1 
^k5del 2 
Model 3 



Day 1 Day 2 Day 3 



7 
3 
3 



8 
4 

5 



8 

5 
6 



Determine the parts-per-model matrix and the coat-per-^y matrij?. 



Properties of Matriat^ Multiplication 

We have learned that insofar as only addition and subtraction are involved, 
the algebra of matrices is exactly like^the ordinary algebra of nrBS^fcers; see 
Section 1—5. At this moment, we might be concerned about multiplica^n s%ce 
the definition seems a bit unusual . Is the algebra of matrices like >^e 
ordinary algebra of numbers insofar as multiplication is concerned? 

Let^us consider an example that will yield an answer to the foregoing 



question. Let 



A = 



0 0 

1 0 



ik we compute AB, we find AB = 
factors and compute BA, we find 



and 

0 0 
0 1 



B 



0 1 
0 "0 



Now, if we reverse the order of the 



BA 



1 0 

0 0 



Thus AB and BA are different matrices'. 



■ For another example, let 
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[ 



1 2 
3 1 
~1 2 



and B 



1 2 
4 0 



Then 



t 


" 1 


2" 










+ 2(4) 


1(2) 


+ 2(0) 


1(3) + 2(1)* 




9 


5 


AB - 


3 


1 




"123" 
4 0 1 


m 


3(1) 


+ 1(4) 


3(2) 


+ 1(0) 


3(3) + 1(1) 




7 


6 10 




-1 


2 








-1(1) 


+ 2(4) 


-1(2) 


+ 2(0) 


-1(3) + 2(1) 




7 


-2 -1 



\ while ^ 



BA - 



12 3 
4 0. # 



\ 



1 2 
3 1 
-1 2 



1(1) + 2(3) + 3(-l) 1(2) 
4(1) + 0(3) + 1(-1) 4(2) 



+ 2(1) + 3(2)1 _ r 

+ 0(1) + 1(2)J [ 



4 10 
3 10 



Again AB and BA are different matrices; they are not even of the same order'. 



TJius we have a first difference between matrix algebra and ordinary 
algebra, and a very significant*'^difference it is indeed. When we multiply 
numbers, we can rearrange factors since thev commutative law holds: For all 
X € R and y e R, we have xy ■ yx. When we multiply matrices, we have tio 
such law and we must consequently be careful to take the factors in the order 
given. We must consequently distinguish between the result-^f multiplying B 
on the right by A to get BA, and the result of multiplying B on/the left 
by A to get AB. In the algebra of numbers, these two operations o^l^ "right 
multiplication" and "left multiplication" are the same; in matrix a-tgajj^, they 



are not riecessarily the same. 

I^t,us explore some more differences. Let 

and B = 



3 1 

6 2 



1 3 
3 -9 



Patently, A ^ 0 and B ^ 0. But if we compute AB, we obtain 
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[6 2_ 



-1 
3 



3 
-9 



thus» we find AB > 0. Again, let 



To ol«» 



• 


1 


2 


o' 




0 


0 


0 


A - 


I 


I 


0 


» and B « 


0 


0 


0 




^-1 


4 


0 




1 


4 


9 



Then 





1 


2 


0 




0 


0 


0 




0 


0 


0 




4 




AB - 


1 


I 






0 


0 


0 




0 


0 


0 


• 








-1 


4 


0 




1 


4 


9 




0 


0 


0 


* 







'Tli< 



e second major difference bet\«een ordinary algebra and matrix algebra is 
that the product of tw matrices can be a zero matrix without either factor 
D%ing a zero matrix* 

% 

The breakdowit for matrix algebra of the law that xy « yx and of ♦the law 

\ ^ 

that xy «^CP"only if either x or y is zero causes additional differences. 
For insta^ce^ for real numbers we know that if ab - ac» aqrd a 0» 

then b • c. This property is called the cancellation law for multiplication. 

, , __ 

Proofs We divided the proof into simple steps; 

*^ 

.% 

(a) ab « ac> " ^ 

(b) ab — ac » 0, 
J^c) a(b ^ c) « 0. 
<d) b ^ c*« 0, 
(e) b » c* 



For matrices, cTte above step (d) fails and the proof is not valid. In 
fact, AB. can be equal to AC, with A 0, yet B # C. Thus, let 
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12 0 
110 
-14 0 



B 



1 2 

1 1 

2 2 



and C = 



1 2 
1 1 
1 1 



3 
-1 
1 



Then 



V 



AB 



3 4 1 

2 3 2 

3 2 -7 



AC, 



and 



A ?t 0, 



but 




Let us consider another difference. We know that a real number a can 
have at most two square roots; that is, there are at most two roots of the 
equation xx=»a. ^ 

Proof. Again, we giv.e the simple steps of the proof: ' 



(a) 


^ Suppose that yy = 


a ; then 




(b), 


XX = yy, 






(c) 


XX yy « 0, 






(d) 


(x — y)(x + y) XX + x + 


X y) - yy, 


(?) 


yx - xy. 






(f) 


From steps (c) and 


(d), (X - 


y)Cx + y) = XX 


(8) 


From steps (e) '^^nd 


(b), (X- 


y)(x + y) = 0, 


(h) 


Therefore^ either 


X - y = 0 


or X + y = 0 , 


(i) 


There fo re > either 


X = y or 


X «= — y. 



- yy 
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\ 



Ioi> matrices, step (e) and step (h) fail. Therefore, the foregoing proof 
Is not valid i£ we try to 'apply it to matrices. In fact,, it is false that a 
matriss: can have^at most two square roots; We have 



Thus t;^e' matrix 



[14 



pi 0] T-i o] 
[o ij il 

Pi o"| [-1 o) * 



1 0 
0 1 



|_0 ij » 



has the four different square roots 



I » 



J = 



1 

0 



0! 
-1 



K 



= _ J ?] > • and L = [ J _j] 



There are mo:g^l Given any number x 0, / we have 



. 0 X 




0 X 




1 


0 


1/x 0 




1/x 0 


S3 


0 


1 



By giving x any one of an infinity of different real values, we obtain an 
infinity of different ^square roots of the matrix I: 



" 0 , 2" 




0 1/3" 




0 


1/2 0 


> 


3 0 


% 


-1/4 

— » 



ERIC 



etc • 



Thus the very simple 2 X 2- matrix I has infinitely many distinct d.quare 
roots I You can see, then, that the fact that a riumber has at most two square 
roots is by no means trivial • 

, 5,? 



Exercises IS 



Let 



and B « 



1 0 
-1 1 



Calculate AB, BA, (AB)A, (BA)A.' <BA)B, B(BA), a(AB), ((BA)A)B 
and ((AB)A)B. 

Let . V , 



12 3 
4 5 6 
7 8 9 



B 



Calculate: . 
"v (a> AB, : 
' (b) BA. • 
(c) (AB)A, 



(d). (BA)A, 
^ \ (e) (BA)B, 
(f) B(BA), 



10-1 
1 1 ' -1 



f (g) A(AB), 

(h) (eBA)A)B. 

(i) ((AB)A)B. 



Let A and B be as in Exercise 2, and let 



10 0 
0 10 
0 0 1 



Calculate AI, lA, Bl, IB, and (AI)B. 



Let 



A = 



1 -1 

0 2 



and B 



Show by computation that * . 

(a) (A + B)(A + B) A + 2AB + B , 

.(b) (A + B)(A - B) ^ A^ - B^, 

2 2 1 

where A and denote AA and BB> respectively. 
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5. Let 



A 



10 0 
0 2 0 
0 0 3 



and B 



2 0 o' 
0 2*0 
0 0 2 



Calculate A"^, * B^, B"^, AB^, A'^B. 



. { 



6>« . Find at least 8 cube roots of the matrix 



7.. Show that, the matrix 



satisfies the eqiiWtlon - A 
equation can you find? 

8 . ^how that the matrix 



^ A - 

2 



1 


0 


0 


0 


1 


0 


0 


0 


1 


• 








"o 


d 




1 


0 



0. How many 2X2 •matrices satisfying this 





V 








"-0 


0 


0~ 


A » 


1 


0 


0 




0 


1 


0 



f * satisfies the equation A(AA) » 0. . 

1— 9> Properties of Matrix >fultlpllcation (Concluded) • 

We have seen that two basic laws governing multiplication in the algebra 
of ordinary numbers break down^when it comes to matrices. The commutative law 
and the cancellation law do not hold. At this point, you might fear a total 
collapse of all the other familiar laws. This is not the case. Aside from the 
two laws mentironed) and the fact that, as we shall see later, many matrices do 
not have multiplicative inverses (receiprocals) , the other basic laws of 
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ordinary algeb|a generally remain valid for m^i trices . The associative law 
holds for the^^ltiplication of, matrices and there are distributive laws th^t 
unite addition and multiplication • 

Ji few examples will ^id us in understanding the lawsi 
Let 



1 


0 


. B 


"2 


0 


1 


1 


1 


1 



and C 



-1 2 
3- 1 



\ 



Then 



A(BC) 



2 0 
1 1 



1-1 2 
3 1 



[:;] 

-[1;]. 




f 



and 



(AB)C 



1 


0 




2 


0 






2 


1 


1 




1 


1 


) 


3 


1 




0 




-1 


2 


t 


-2 


4 


3 


1 




3 


1 




0 


7 



Thus, 



Again, 



ACBC) = (AB)C. 



A(B + C) 



1 


0 




2 


5 




-1 


2 


1 


1 


( 


1 


1 


+ 


3 


1 


1 


0 




~ 1 


2 




~ 1 


2 


1 


1 




1 


1 




5 


4 



and 
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f 



\ 



AB + AC 



[3 3 ^ [1 3] -a^ a 



so that 



A(B + C) = AB + ^C, 



(1) 



Since multiplication Is not consmitative, we carinofi conclude from Equation 
(l)'that the distributive principle is valid with the facto^ A on the right- 
hand side of B + C» Havinftillust rated the left-hand distributive law, we 



now illustrate th* right-hand distributive law with the following example: 



We have 



(B + C)A 



"2 


d 




-1 


2 




1 


0 


1 


1 


+ 


3 


1 


) 


1 


1 


~1 


2 




" 1 


d 




~3 


2 


4 


2 




1 


1 




6^ 


2 



and 



Thus, 



BA + CA 



[2 d| fl d 



1 2 
A 1 



-1 2 
3 1 



3 2 
6 2 



(B + C)A = BA + CA. 



You mi-ght note, in passing, that, in the above examples, 

^B +'C) (B + C)A. 



These properties of martrix multiplication can be expressed as theorems. 

( 
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Theorem 1-5 . If , 



A 



fij]tnXn>'^'[V]nXp' 



and C 



then 



(AB)C - ACBC) . 



Proof. (Opti^onal.) We have 



/ 



AB 



(AB)C 




ij jk y kh 



mXq 



BC 



k-1 



nxq 



A(BC) 



n 



^1 [ A ''J'^> 



mXq 



Since the order of sunmiAtion in a finite sum is arbitrary, we know that 



n 



'kh 









k ■« ( 



k=l 



^jk\h 



m Xq 



Hence , 



(AB)C => A(BC). 



Theorem 1—6. If 
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' .A 



[^J«X„- [V]n 
then A(B + C) • AB + BC . 

Proof . (Optional.) We have 



Xp 



, and C 



[^Jlcjn 




^ (B C) « fb., + c J 



A(B + C) 



n 



n 



mxp 









n 


t— 1 


m 




+ 

m Xp 




B. C 

ij jk 


m 


AB + itc . 









mxp 



Hence , 



A(B + C) » AB + AC . 



Theorem 1-7. If 



B 



[V]nxp' 



then (B + C)A = BA + CA. 




Proof. The proof is similar to that of Theorem 1-6. 

It should be noted that if the commutative law held for matrices, it would 
be unnecessary to prove Theorems 1-6 and 1-7 separately, since the two 
stateminx^ 



A(B + C) = AB + ACV 

^ ' 5.9 



■J 
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and 



(B + C)A « BA CA 



would say exactly the same things For matrices, however, the two statements 
say different things, even though both are true* The order of factors is most 
important, since statements like 



ai\d 



A(B + G) » AB + CA 



(B + C)A « AB +' CA , 



can be false for matrices . 



r 



Earlier we defined the ^ero matrix of o,fder m X n and showed that it is 



the Identity ele;raent for addition: 




A + 0 » A, 



where A is any matrix of order m Xri* This zero matrix plays ^he same role 
in multiplication of matrices as the number zero does in the multiplication of 



real numbers. For example, we have 



/ 



2 0 3 
114 



0 0 
0 0 
0 0 



|_0 Oj 5 



Theo'rem 1~8. For any matrix 



nXp 



Xp 



we have 



1 
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0 A -> 0 and A O 

mxn nXp mxp nXp pXq 



The proof is easy and is left to the student, 



nxq 



/ 
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t * 

kow we laay be wondering if there is an identity element for the multiplica— 

/ ^ 

tion of matrices » namely a matrix that plays the same role as the number^ 1 
does in the multiplication of real numbers. (For all real numbers a» 
la « a « al.) There is such a matrix, called the unit matrix and denoted by 
the sjnnbol I. The matrix I^, namely. 



^2 



1 0 
0 \1 



Is caliilad the unit matrix of order 2. The matrix 



^3 



10 0 
0 10 
0 0 1 



is called the unit matrix of order 3. In general, the unit matrix of order 

n is the sj^uare matrix ^^^Lj] nXn that e^.^ =■ 1 for all i =» j and 

e^^ « 0 for all i 4 j (i "l,2,..,,n; j »1,2, , . . ,n) . We now state the 
important property of the unit matrix as a theorem. 

^. - ■ 

Theorem l-^^ If A is an m X n matrix* then AI A and I A « A. 

< ' n . m 

Proof. By definition, the entry in the i— th row and j-*th coluimi of the 

ptoduct AI is the sum a,-e - + a.^e_^ + * * • + a^ e . • Sincfe e, . » 0 ' 
^ n xl Ij' x2 2j in nj kj 

whenever 4 j> all terms but one in this sii^ are zero and drop out. We are 
left with a.' e,, « a.,. Thus the entry in the i— th row and Hth column of the 
product is the same as the corresponding entry in A. ftence AI^ « A. The 
equality I^A « A may be proved the same way. In most situations, it is not 
necessary to specify the order of the unit matrix gince the orde^ is inferred^ 
from the context. Thus, for.. 



I A « A = AI , 
m n 
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we write 



lA " A « AI. 



For example, we have , 



r 



1 2 
3 4 
5 6 



1 0 
0 1 



1 2 
3 -4 
5 6 




and 



1 . Lef 



1 


0^ 0 




1 


2 




1 


2 


0 


1 , 0 




3 


4 


s 




4 


0 


0 1 




5 


6 




5 


6 



A = 



0 1 

1 0 



Exercises 1-9 



B = 



0 1 
-1 0 



and C 



1 0 
0 0 



Test the formulas 



A(B + C) = AB + AG, 
(B 4- C)A » BA + GA, 
A(B + C) •« AB + CA, 
A(B + G) = BA + CA. 



Which are correct, and which are false? 
2. Let 



A = 



0 0 

1 0 



and B = 



1 0 
0 0 



show that AB ^ 0, but BA = 0 
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3. Show that for all Matrices A and. B of the form 




a b 
— b a 



and B 



c d 
-d c 



v^e have 



AB « BA. 



Illustrate by assigning numerical values to a, b, c, and d, with 
a»b»c» and d integers. 

Find the value of x for which the following product-is I: 



2*0 7 

0 10 
12 1 



— X — 14x 7x 



0 
X 



1 0 
4x — 2x 



5. Let 



/ ■ 





0 


0 


. 0 




0 


0 


0 




1— 

0 


0 


0 


A 


1 


.0 


0 




0 


0 


0 


and C «= 


2 


0. 


0 




0 


1 


0 


/ 


1 


0 

* 


0 




1 


2 


0 



Show that* AB » BA, .'thai: AC = CA, and that BC » CB. 

/' ' * . 

6, Show that for all matrices A of the form 



A = 



ab b 

2 

—a — ab 



we have 



AA = 0. 




Illustrate by assigriing numerical values to a and b. 
. 7. Let 
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4^ 



Compute the following: 

(a) DE, 

(b) DF. 



0 -1 

1 0 



and F 



1 

0 



(c) EF. 



(d) ED, 

(e) FD, 

(f) FE. 



If AB » - BA, A and B are said to be anticomautative , WBat conclusions 
can be drawn . concerning D, E, and F? 



8. 



Show that the matrix A « 
AA - 5A + 7r « 0. 1 
Explain why^ in matrix 'algebra. 



3 1 
1 2 



is a solution of the equation 



(A + B) (A - B) ^ A 



B 



exce{>t in special cases* Can you device two matrices A and B that 
will illustrate the inequality*? Can you devise two matrices A and B 
that will illustrate the special case? (Hint: Use square matrices of 
^ order 2 .) ' . ' - ^ 

10, Show that if V ^nd W are n X 1 column vectors, then 



11. 



12. 



t t t ^ • 

Prove thar (AB) =* B .A > assuming that A and B are conformable fo^ 
multiplication • ^ a 

Using r notation, prove. the right-hand distributive law. 




1-10. Fields and Rings ^ 

In this introductory chapter on matrices, we have defined several 
operations such as addition and multiplication. These operations differ 
from those of eletaentary algebra in that they cannot always be performed 



ERIC 



8d 



56 



thus, we do not add a 2X 2 matrix to a 3X3 matrix. "Again, though a 

4 X ^matrix and a 3 ^4 matrix c^n be multiplied together, the product 

I 

is neither 4X3 nor 3 X 4^ 

Let us fix our atten(tion on the set of all 2X2 matrices, which we 
shall denote by Thus any 2X2 matrix is a mtember of M. Within this 

system, c^nf always a4d and multiply, and the sum and product of two 
Elements of M are also elements of M; we express these facts by , saying 

4 

that M is closed with respect to addition and with reispect to multiplication,- 

The results of this chapter will be used in Chapter 2 to check systematical- 
ly that the set M of 2X2 matrices has the following properties: 
The set is closed under addition. 
Addition is commutative * ^ * 
Addition is Associative. 
. There exists an identity element for addition (the zero matrix). 
There exists an additive inverse for each element in* the set. 



The set is closed under multiplication. 
Multiplication is associative. 



, Multiplication is distributive over addition. 

We have noticed that this algebra is different in two important aspects 
from the algebra of real numbers*; namely, the commutative law foi^ multiplication 
and the cancellation law do not hdld. 

There is a third significant difference that we shall explore more fully 
in later chapters but shall introduce naw. Recall that the operation of 
sulftraction was closely associated with that of addition. In order to solve 
equations of the form 

V A + X = B, 

ERIC , i . ^ • 



i^t is necessary to define the additive inverse or negative, —A. Then we hdve 

* A + X + (-A) = B + (-A), 
X + A + (-A) » B + (-A) , 
X + 0 = B - A, , 

♦ 

X = B - A. ' . • 

I 

Nov ''division*^ is closely associated with nxul tip Ilea tlon In a parallel manner* 
In order to solve ^aquations of the form 



AX - B, 



Xt Is necessary to define the iiiultlpllcative Inverse (or reciprocal) > which Is 

-1 —1 —1 

denoted by the symbol A • The defining propferty Is^A A « « AA • JJhls 

enables us to solve equation%.o£ tt^ form ' > 



AX = B. 



Thus 



A ^(AX) 
(A~^A)X 



X = 



a""^b, 
'a^^b, 

A~^B. 



Many matrices, other than the zero matrix 0, do not possess inverses; for 



instance. 













0 


0 


and 




-3 


1 


0 


-2 


3 













are matrices Qf this sort, as we shall see in Chapter 2. This fact constitutes 
a very significant difference between the algebra of matrices and the algebra 
of real numbers* 
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The algebra of real numbers has the ifollowjkig properti^?: 
The set -is closed under addition. 
Addition is conxmutatlve . 

♦ 

Addition is associative. 

There exists an identity element for addition (zero)* 

There exists an additive inverse for each eleitent %n the set* 



The set is closed under multiplication • 
Multiplication i6 conanutative. 
Multiplication is associative. . 

There exists an identity element for multiplication <one)y;\ ^ 
There exists a multiplicative inverse for each element in the set 
^^*" (zero excepted). ' * . 



( 



• « 



Multiplication is distributive over addition. 

t 

Mathematical systems having' the foregoing properties either of 2X2 

' - * ■! 

i 

matrices or of real numbers are sufficiently important, and are numerous enoug: 
to be given special names. A set subject to two operations, called addition 
and multiplication, and possessing the properties listed for real numbers, is 
called^ field. A set subject to tvjo such operations and possessing all the 
properties lisCed for matrices is called a ring. 

Since the list of defining properties for a field contains all the 
ining properties for a ring, \t follows that every ring is a field. The 
set of 2X2 matrices' has one more of the field properties; namely, there is 



an identity element I for multiplication. Accordingly we say that this set 
is a ring with an identity element . 

WS shall meet other such algebraic systems in Chapter 2; and in Chapters 
"4 afid 5 we shall dwell on the additional fact that, as noted above in 



C 
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Section 1*6, matrices can be umltiplied by numbers. In fact, in Cjjapters 4. 
•and 5 we shall see that vectors — which are matrices of a special sort — not on 
constitute interesting algebraic systems: they also have valuable physical 



applications * 



\ 




Chapter 2 
THE, ALGEBRA OF 2 X 2 MATRICES 



2—1. Introduction 
— r_ ^ - .. ^ 

In Chapter I, we considered the elementary operations of addition and 
I ^ 

multiplication for rectangular matrices* This algebra is similar in many 
respects to the algebra of real numbers > although there are important differences • 
Specifically » we noted that the commutative law and the cancellation law do not 
hold in matrix algebra, and that division is not always possible. 

With matrices-, the whole problem of division is a very complex one; it is 
centered around. the existence of a multiplicative inverse • You will recall 
that subtraction arose when we were solving the equation A + X = B for the 
unknown matrix X. We needed a matrix HV, which is called the additive in- 
verse ^or A, such that A + (HV) « 0. A similar pattern develops if we - 
consider the problem of solving AX « C for the unknown matrix X. This 
statement is misleading, althougji it seems ifinocuous. Let us ask a^ question: 
If you were given the matrix equation 



\ 



1 


2 


3 


4 




8 


9 


0 


-1 


• 


4 


5 


6 


5 




0 


4 


2 


0 





\ 

X 



11 



14 



X 



41 



X 



44 





"1 


0 


2 


0 


L 


0 


1 


0 


2 




Qi 


0 


1 


0 




2, 


0 


L 



could you solve it for the unknown « 4 X 4 matrix X? Do no* be dismayed 
if your finswer is "No." Eventually, we shall learn methods of solving this 
equation. However, the problem is compTex and lengthy.. In order to under- 

nd this problem in depth and, at the same time, - comprehend the full 
significance of .the algebra we have developed so far, we shall largely confine 
our attention in this chapter to a special subset of the set of all rectangular 
matrices; namely, we shall consider the set of 2X2 square matrices." 
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When "'one stands back and takes a broad view of the many different kinds of 
numbers that have been studied, one sees recurring patterns. For instance* let 
us look at the rational numbers for a moment. Here is a set of numbers that we 
can add and multiply. Under addition and multiplication, the set satisfies 
the following postulates: 

The set is closed under addition. 

V 

Addition is coismutative • 
Addition is associative. ' 
There exists an Identity element for addition. 
* There exists an inverse element for each element under addition • 

m m m 

The set is cloised under multiplication. t 
J&iltiplicatidn is consmitative . 
Multiplication is associative. 

There exists an identity element for multiplication. 

There exists an inverse element for each element^ except 0, 
under multiplication. 



Multiplication is distributive over addition. 

Since there exists aT rational multiplicative invers? for each rational number 
except 0» division (except by 0) Is alvays possible in the algebra of rational 
numbers. In other words^ all equations of the form 

ax «.b, 

where a and b are rational numbers and a ^ 0» can be solved for x in 
the algebra of rational numbers. For example: if we are given the equation 



Itiply both sides of the equation by 
di - 2/3 • Thus we ob^in 



— 3/2, the multiplicative inverse 




X 



2 



3 



2 



1 



or 



3 



4 ' 



which is a rational number. 

The foregoing set of postulates is satisfied also by the set of real 
numbers, as we have noted previously on page 58 • Any set that satisfies such a 
set of postulates is called a field* Thus both the set of real numbers and 
the set of rationals^ which is a subset of the set of real numbers^ are fields 
under addition and multiplication. There are many systems that have this same 
pattern. In each of these systems, division (except by 0) is always possible ♦ 

Now our immediate concern is to explore the problem of division in the set 
of matrices* There is no blanket answer that can readily be reached, although 
there is an answer .that we can find by proceeding stepwise. At first, let us 
limit our discussion to the set of 2X2 matrices* We do this not only to 
consider division in a smaller domain, but also to study in detail the algebra 
associated with this subset. A mo re^ general problem of matrix division will be 
considered in Chapter 3. 



Exercises 2--1 



1. 



Determine which of the following sets are closed under the stated 



operation: 



(a) the set of integers under addition, 



(b) the set of even numbers under multiplication, 
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(c) the set (1} under multiplication, 

(d) the set of rational numbers under division, 

(e) the set of ;positive rational numbers under division, 

(f) the set of integers under the operation of squaring, 

(g) the set of numbers A « {x 1 x > 3) under a^ddition* 

2. Determine which of the following statements are true, and state which of 

\ 

th^ indicated operations are commutative: 

(a) 2 - 3 « 3 2, 

(b) 4 V 2 » 2 4," 

(c) 3 + 2 - 2 + 3, 

(d) y/a «-y/b +->/a, a and b^ positive, ,^ 

(e) a-^b*b-7a, a and b real, 

(f) pq = qp, p and q real, 

(g) J-i + 2-2 +y=i. 

3* Determine which of the following operations -I , defined for positive 
integers in terms of addition and multiplication, are commutative: 

(a) X * y » X + 2y (for example, 2i3«2 + 6«8), 

(b) x i y « 2xy, 

^ (c) X i y = 2x + 2y, 

* 2 

(d) X * y xy , 

(e) X i y « x^, 

(f) xiy==x + y + U 

4. Determine li?hich of the following operations defined for positive 
integers in terms of addition atld multiplication, are associative: 

(a) X * y « X + 2y (for example, (2*3)*4==8ifir4=' 16) » 

(b) x*y=x + y, ^ ^ 

2 

(c) X * y = xy y 



"^2 
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(d) X * y « ^, 

(e) X * y = 

(f) X * y = xy + 1. 

5. Determine if the operation * is distributive over the operation 
where the operations. * and * are defined for positive integers in 
terms of addition and multiplication of real niimbers: ' 

(a) xiy« x+y, x*y«2cy; 

I ^ 

(b) x * y - 2x + 2y , x * y ^ xy; 
• (c)x*y'=x + y+ l, x*y = xy. 

Why is the answer the same in each case for left— hand distribution as it 
is for right-hand distribution? 

6. In each of the following examples, determine if the specified set, 'under 
addition and multiplication, constitutes a field: 

(a) the set of all positive numbers, 

(b) the set of all rational numbers, 

(c) the set of all real numbers of the form a + b where 
a and b are integers, 

(d) the set of all complex numbers of the form a + bi,^ where 
a and b are integers and 

2-2. The Ring of 2X2 Matrices 

Since we are confining our attention to the subset of 2X2 matrices, 
it is very convenient to have a symbol for this subset. We let M denote the 
set of all 2X2 square matrices. If A is a member, or element, of this 
set, we express this membership symbolically by A € M. 

Since all elements of M are matrices, our general definitions of addition 
and multiplication prevail over this subset. For example, we have 
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0 1 
2 3 



~1 2 
3 -1 



-1 -1 

2 2 



0 4 
3 0 



also, 



0 1 
2 3 



-1 2 
3 -1 



3 -1 
7 1 



For convenience of reference » let us repeat the defining postulates for 
a ring, which we listed In the last section of Chapter 1. A ring is a set that 
possesses the following properties under addition and multiplication: 

The set is closed under additibn.^ 

Addition is cosanutative. 

Addition is associative . 

There is an. identity element for addition. ^ 
There is an additive inverse for each element. 



4^ 



The set is closed under multiplication. 
Multiplication is associative. 

• • • 

Multiplication is distributive over addition. 



C 



Does the aet M satisfy these properties? It seems clear that it does> 
but the answer is not quite obvious. Consider the set of all real numbers. 
This set is a field because there exists > among other things > an additive 
inverse fpr each number in this set. Now the positive integers are a subset 
of the real numbers. Does this subset contain an additive inverse for each 
element? Since we do not have negative integers in the set under consideration, 
the ^answer is **No"; therefore, the set of positive integers is not a field. 
Clearly, a subset doe^ not necessarily have the s§|p properties as the complete 
set. 



EMC . 



•4 



y 



67 



1^ 



To be certain that the set M is a ring, we must systematically make sure 
that each criterion is satisfied* For the most part, our proof will be a 
reitet^lp-on of the material in Chapter 1, since the general properties of 
mat^rices will be valid for the subset M of 2X2 matrices.. The sum of two 
'2 X 2 toatrices is a 2X2 matrix; thus, the s^t is closed under addition. 
--Tlle^eneral proofs of commutativity and associativity are valid, o/fie unit 
matrix is 



1 0 
0 1 



the zero matrix is 



0 0 
0 0 



and the additive inverse of the matrix 



a b 
c d 



is 



a -b 
c -d 



When we consider ^he multiplication of 2X2 matrices, we must first verify 
that the product is an element of this set, namely a 2X2 matrix. Recall 
that the number of rows in the product is equal to the number of rows in the 
left— hand factor, and the number of columns is equal to the number of columns 
in the right-hand factor. Thus, the product of two elements of the set M 
must be an element of this set, namely a 2X2 matrix; accordingly, the set 



is closed under multiplication. For exampley*, 
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1 2 
3 4 



1 -1 
-1 1 



-1 
-1 



The general proof of associativity iff valid for elements of M, since it is 
for- rectangular matrices. Also, both of the distributive laws hold for 
elements of M by the same reasoning. For example, 



1 2 
3 4 



1 -1 
-1 1 



0 2 

1 0 



-1 1 
-1 1 



0 2 

1 0 



1 -2 
1 -2 



and also 



I 2 
3 4 



1 2 
3 4 



1 
-1 



0 2 

1 0 



1 2 
3 4 



1 -1 
-1 1 



and also 




0 2 

1 0 



1 2 
3 4 



-1 2 
1 -2 



1 1 

0 ]. 



1 -2 
1 -2 



1 3 
3 7 



/ 











































1 


2 




. 1 


-1 




1 


2 




0 


2 




-1 


1 




2 


2 




1 


3 


3 


4 




-1 


1 


+ 


3 


4 




1 


0 




-1 


1 




4 


6 


SB 


3 


7 











































Since we have deiaonstrated that each of the ring postulates is fulfil led, 
we have proved that the set M of 2X2 matrices is a ring under addition 
and multiplication* We state this result formally as a theorem* 

TheoreaHi^^TTT^The set M of 2X2 matrices is a ring^ under addition 
and multiplication. ^ 



1 0 
0 1 



is the identity element 



Furthermore, we know that the matrix 
for mtfltiplication. Thus the <>et M is a ring with an identity element* 

At this time> we should verify that the commutative law for multiplication 
and the cancellation ilK^ are not valid by ^ving counterexamples. For example, 
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1 2 

3 4 



1 -1 

-1 1 



-1 1 

-1 1 



1 -1 
-1 1 



1 2 
3 4 



-2 -2 

2 i 2 



SO that the conmutative law for multiplication does not hold. Also, 



0 0 

1 0 



0 0 
2 0 



0 0 
0 0 



so that the cancellation law does not hold. 



1. 



2. 



3. 



Exercises 2—2 

Determine if the set of all integers is a ring under the operations of 
addition "and multiplication. 

Deterlf^n^ which of the following sets are rings utrder addition and 

multiplication: t 

ta) the set of numbers of the form a + b a/2, whete a and b 
are integers; 

(b) the set of four fourth roots of unity, namely, +1, -1, i and' 



(c) the set;of numbers a/2> where a is an integer. 



a 0 
0 a 



with a £ R, 



Determine if the set of all matrices of the form 

y 

forms a ring under addition and multiplication as defined for matrices 

a 0 



Determine if the set of all matrices pf the^Jform 



0 a^ 



, with a e 



forms a ring* under addition and'^mul^iplication as defined for matrices 



2—3, The Uniqueness of the Multiplicative Inverse 



Once again we turn our attention to the problem of matrix division*. As we 
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have seen, this problem arises when we seek to soive a matrix equation of the 
form 

■ ■ • • * 

AX = 

Let us lookfat a parallel equation concerning real numbers > 



ax « c. 

■"^ ■ • ; 

'* —1 

Each nonzero number a has a reciprocal 1/a, which is often designated a 

-1 

and whose defining property is aa » 1. Since multiplication of real numbers 
Is commutative^ it follows that a ^a 1 • Hence if a ;is a nonzero number^ 
than there is a number b, called the multiplicative inverse of a, such that 



ab = 1 *= ba (^b » M ^) 



Given an equation ax « c, b enables us to find a 9||lution for x; '^thus. 



axb «= cb> 

r 

abx « cb, 
Ix cb, 
X « cb. 

Now our question concerning division by matrices can be put in another way* If 

J* 

A e M, is there a B € M'^for which the equation 

is satisfied? We shall employ the more suggestive notation A ^ for, the in— 

verse, so that our question can be restated: Is there an element A e M for 

1 

* » 
which the equation 



AA ^ = I = A ^A 



is satisfied? Since we shall often be using this defining property, let us 



state it formally as a definition* 



Definition 2-1 • If A e M, then an element A • of M is an inverse of 



A proRvided ^ 



AA ^ » I - A ^A* 



* If there were an element B corresponding to each element A e M such 



tha^ 



BA = I » BA, 

A 

\ 

then we could solve all equations of the form 

i 

AX » C, 

since we would have 

B(AX) « BC, - 
(BA)X « BC, 

^ IX « BC, 

X « BC, 

and clearly this value satisfies the original equation,. 

From the fact that there is a multiplicative inverse for every real number 
except zero, we might wrongly infer a parallel conclusion for matrices. As 
stated in Chapter 1, not all matrices have inverses • Our knowledge that 0 ' 
has no inverse suggests that » the zero matrix 0 has inverse. This is 
true> sirfce 

OX « 0 

for all X e M> so . that there cannot be any X £ M such that . 
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OX = 1. 

But there is a ijiore fundamental difficulty than this 
nonzero matrix 



Let us take tihe 



1 0] 
0 0 



* and try to solve the equation 



AX = I, 



for X e M. 



If we let ' 



P q 

r s 



then 



AX 



p q 

0 0 



He^ce, no matter what entries we take for X> we cannot have 

AX « I 

^since the entry in the lower right— hand corner of AX is Eero» and tlie entry 
in the lower right—hand corner of I is 1. ^ 

At this^ point, you might be thinking that no matrix has an inverse. Do not 
move too fasti Note that ^' 

« 

This means that I is its own inverse, just as i is its own inverse among the 
numbers. 

Also, let us note that 
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Thus the matrix 



has the m^r^e 



1/2 0 
0 1/2 



2 0 
0 2 



1 0 
0 1 



2 0 
0 2 



1/2 • 0 

0 1/2 



A = 



2 0 
0 2 



1/2 0 
0 1/2 



Consequently, the equation 



2 0 
0 2 



1 2 
3 4 

-1 



may be solved by multiplying both sides by A , thus: 



1/2 0 
0 1/2 



2 0 
0 2 





1 


0 




0 


1 



1/2 0 
0 1/2 



X = 



X = 



1/2 
3/2 



1/2 
3/2 



1 2 
3 4 



This is a specific illustration of a general pattern. Let a be any 
nonEero number. Now y. 



I = II 



= aa 



-1 ' 
= aa II 



(since X = II) 
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Since the multiplication|ol real numbers and of matrices is associative and 
commutative, it foll^Ss t!hat for all teal numbers a and b, . and all 2X2 
matrices X 'and Y, we have . • 
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ft 



abXY « (aX)(bY). 



In particular, then. 



1 = 



''since aa""^ = a ^a, we can also atate that 



1 = (a"^l)(al) . 



Tl^is result enables us to enumerate a large number of matrices and their in- 

-1-1 * ' 

verses. Thus, let A = al; %hen A « a I. For example, if a » 3 then 



» » 



4 



3 0 
0 3 



and "a ^ 



1/3 0 
0 1/3 



If a » 0.2, then 



^A 



0.2 0 
0 0 .2 



> 



and A 



-1 



5 0 
0 5 



At least w^know that there are a great many matrices A with the property that 
there 'is a cor:|^esponding matrix B such that 



AB = I = BA. 



Before turning to the problem of finding tho^ matrices that have invAses, 
let u^'show first that if a matrix has an inverse, it has only one inverse; 
that is, this^jnverse is unique. For instance, in the example directly above, 
we "s^w that » 



-1 



5 0 
0 5 



if 



A = 



0.2 0 , 
Cf* 0.2 



We wish to show that there is.no other inverse. Suppose that we have elements 
• A, B, and of M such that q 




and • . \ 

AC = I .« CA; . 

that; is, A \x^a an inverse B and* A also has an iijverse C. ^fultip^y the 
,ot these two jBquations on the Left by C. Then 



C(AB) » CI, • * — s . • • 

or 

■ ■ " ■ ■ ■ \ ' ■ 

^ ' ' " ■ ^ (CA)B «- C - . • 

* . / ■ ■ 

since multiplication is associative*and I is the unit matria^. But now 

CA = I. Hence • * . ^ 

or - • « 

B = C. 

^ , ' ■ 

This result is so important that we c411 it a theorem and '^tate it formally: 

■ - , - ' ' • • .. ' ' ■ • • 

Theorem 2-2 . If A e'M and. if there exists A , - A £ M, ,.such that > 

• I 

'• ' : • ' • -1 - ' -1 

- < • • AA = I F A A, 

. e . ■ > ■ • • . ■ . 

t^H ^ ^ is unique; that is, there is .ho other solution X of the equations 



i 

A ' AX ^ I « XA 



Now W^^an readily show^^thaV A is- tb^ inverse of - A ^ ^£ we l^ow that 
A ^ is the inverse of A. This may seem a bit tri^Ti'al, but it is important 
enough to stat;e formally and prqve. * \ 

^p*. .Theoren; -2—3. If € M and if A has an .iriverse A , then A also 
' ^ ' . ' ' 

. , ~ ./ ■■ ^.s-v . ■ ' ■ 
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has an inverse; n^ely, A is the inverse of A ^. 



Profcf. Since A~^ is the inverse of A, this means, by definition","- that 



AA ^ = i = A ^ A. 



"However, the statement of equality can he given in reverse order: 



A^ ^ A 



AA 



-1 



y ■ , ■ 

This, by definition, is the statement that A is the inverse of A 



• ... 
1. Show that each of the following jnatrices does not have ^n inverse: 



(a) . 



0 1 
0 0 



(b) 



1 



1 0 

1-. 0 



(c) 



1 1 
1 1 



(d) 



0 0 
-3 0 



2. 



Which of. the following pairs ;of elements of M are inverses of one 

■ ■ » " 

another^ 



(a) 



(b) 



Cc) 



(d) 



(e) 



1 

0 4 



1 -1 

2 -3 

2 4 
6_ 1 



-5 7 

0 2 f 

a b 

c d 



and 



and 




and 



and 



1 0 

0 1 

3 -1 

2 -1 

— * — 

1 -4 
-6 2 

0 1 

1 0 



c 



d -b 

a 



3. Dse the argWent in the text to. s>ow that^since 

= 0, 



1 ~2 
-3 



1 1 
1 1 
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neither of the matrices in the produc^ is invertible (has an inverse) . 

2 

4. Show that if a + be = 0» then 
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a 
c 



h 
-a 



0, 



and hence that 



1 



a b 
c r-a 



has no inversQ/ 



i. 



5. Show that if A £ M, B e M, B ^ 0, and AB = 0, ^ then A' c4nnot have 



an inverse. Can B have an inverse? 



Show that if A « M, and A - 4A 0, then either A = 4l • or A has 



no inverse. (Hint: Factor tTie left-hand side and note Exercise 5.) 
7. Show that if A e M, B e M, C e M, '^and AB » I « CA. then B = C. 



8. Show by direct computation that 



-1 2 
0 3 



- 2 



T-1 2 

0 3 



r 



.+ 




0 '0 
0 0 



9 . The matrices 



-J- 3 
2 -5 



i 



and 



5 3 
2 1 



are inverses of one another. Are their squares^ also inverses? Their 
• transposes? .• . ^ 

10 . ^nce ** * . . 

A^ = A-A, . ~ 

A = A'A , • . 

' > ' A^ = A-A"^, 
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we can readily denK)natrate that is the inverse of A if a" = I. 

Using this information, compute the inverse of each of the following 



loa trices: 

(a) . [-1 0 
0 -1 



(b) 



(c) 



0 
-1 

0 

1 



-1 

0 

-1 

0 



i 



11. Let 



B 



cos 6 
-sin e 



21 3 f c} 

and compute B and B if 0 =/l20 . 



sin 9 
cos 0 



12. If 



3 -4 

1 -i 



\ 



^verify that 



2A + 1 « 0 - 



Does the transpose of A also satisfy* this same equation? 
13. Prove that if A e M, if p, q, and r are numbers, and if 



14. 



' pA + qA +>! = 0 




with r 5* 0, then A has an inverse. (Hiiat; Transpose the "constant 
term" and factor the rqpiaining terras. Be careful of what happens if p- 
or q is 0.) . * «r ' ^ 

Prove, by direct ^institution, that if • 

P q 

E S 
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then 



2 

X - (p + s)X + (ps - qr) I 0 . 



Show that _X h*5 an inverse if and only if ps - qr 0. (Hint: Use 
Exercise 13.) ' 
15. Use the result of Exercise 14 to show that if x^ » £ then ps - qr = 0 
and p + q « 0. (Perhaps you inay have to consider several cases in the 
proof.) 

9 

" 2-4. The Inverse of a Matrix of Order 2 »^ 

At this point, we* have proved that the inverse of a 2X2 matrix, if it 

exists, is unique. Also, we know that there are some matrices that have 

• *■ . ^ 

inverses and there are some that do not have inverses. But we have not yet j 

' \ ■ 

developed any general methods of attacking the problem. Certainly our algebra 
will lack power unless general methodiT are developed* We are in a situation* 

\ 

• » * 

similar to that in which a student finds himself when he has learned to factor 

*a quadratic equation and has not yet learned the quadratic formula* He can find| 

the roots of many quadratic equations by trial, but he has no means for solving 

all these equations. 

jt It is our purpose now to develop a general method of detennining the inverse 

of a 2X2 matrix when it exists* We shall begin with a matrix whose entries 
are specific numbers. and then duplicate our procedure with a 'matrix whose 



entries are more general. * To start, we shall' copsider the matrix 



A = 



3 -I 

5 -2 



and determine whether there is an inverse B such that AB I « BA. If we let 



B = 



p q 

r s 



S7 
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then 



or 





















3 


-1 




P 


q 


SB 


1 


0 




5 


-2 


i 


r 






0 


I 


> 





































3p -r 3q -s 

.5p ~2r 5q ~2s 



1 0 
0 1 



S^Qe these two matrices are equal, the individual entries are equal 

' - ■ 

have, four equations « 



Thus we 



3p - 4=1, (1) 
5p - 2r » 0, (2) 



3q - ,s « 0, . (3) 
5q - 2s =^ 1 . (4) 



After multiplying Equation (1) by 2, we subtract Equation (2) from Equation 
(1) and obtain 

p - 2. 

» 

By substituting this value of p iti either Equation (1) or' Eqxiation (2), we 
obtain 

Equations (3) and (4) can be solved similarly, yielding 

q « —1 and s « — 3. 

t 

Now if we substitute these values for q> r, and 8* we obtain 



1 



B = 



2 -I 
5 -3 



To demonstrate that B is the inverse of A, we must show that AB « I BA, 
This is easy; 



2 -1 
5 -3 



3 -1 
5 -2 



1 0 
0 1 



3 

5 -2 



2 -1 

5' -3 



•Jfolng the notation for the Inverse of, a matrix Introduced ea.rllcr, we may write 
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3 -5 


-I 


2 


-1 


5 -2 




5 


-3 


u - 









In our next step, we shall follow the same pattern as above; but* now we 
shall use a general notation for our matrix A» Instead of having specific real 
nimbers for entries, we let 



a b 

c d 



As before, ^e represent the inverse, if it exists, as 



B 



p q 

r s 



>^ Assuming AB I,> we ^^j^f 



a b 
c d 



p q 

r s 



ap + br aq + bs 
cp + dr cq + ds 



1 0 
0 1 



This matrix equation may be writteA as four equations. 
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^p + br =.l" (5) aq^+ bs « 0, (7) 



cp + dr = 0, (6) 



cq + ds > 1. (8) 
o 



Since we wi^h to find values for p, q, r, and s, in terms of the real 

numbers a, b, c, and d, we multiply Equation (5) by Equation (6) by b» 

and then subtract. We dbt&in \ 

adb — bcp " d> 



/ 



or 



I V 



(ad ^ bc)p d 



Repeating thi§ process, using appropriate pairs of , equations, we obtain 

> 



A 
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(ad — bc)q = -b, . (ad — bc)r « c, (ad — bc)s « a. 

Should it happens that ad — be « 0> then it follows from the four equa— 
tions> above, that a«h^»c='d = 0» so that A « 0 • 

We have seen in Section 2*3 thkt the zero matrix does not have an inverse. 
Heflce if ad - be » 0 we have a contradiction of the assumptj^^j^that the matrix 

A has an inverse B. In other words, if A has an inverse, then ad — be 0. 

Temporarily, let us denote the number ad bc^ by h. Now if h ^ 0^ we may 
write 4 



a 

h • 



Substituting these values appropriately in B, vie obtain 



B 



d 
h 

£ 
h 



b 
hi 

a 
h 



1 
h 



d -b 

-c a 



In order to show that^^is matrix is the inverse of A, we check: 



a b 
c d 



d 
h 
c 
h 



b 
h 
a 
h 



ad—bc 
h 

cd— cd 



BA = 







< 




.) 


" . d . 










h 






a 


b' 


c . 
h 


a 

'1? 




c 


d 

• — 



h 

— ca+ac 



-ab-fab 



h 

:b+ad 



h 



We must also make sure that BA ^ 1^ thus! 

be .db— bd 



h 

-bc+ad 



1 0 
0 1 



I 0 
0 1 



» I. 



- I. 



The fact that the relationship M « I follows from the relationship AB = I > 
is quite signjLficarKt.. ^ /While -the {jfifinition of the inverse demands the existence 
and equality, of Wliat' are 'cal*l^ left and right inverses, we have shown that for 
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2X2 matrices the existence of one implies the ^existence of the other and that 
if they^ exist then they are, in fact, the same* Since tije multiplication of 
matrices is not generally commutative, we might have expected otherwise. 
We>^hall state our result formallyl as a theorem* 



Theorem 2-4* If the matrix 



a 

c d 



has an inverse, then h =*.ad - be ^ 0 



and 



> 



a 

c d 



d _ b 

h h 

£ a 

h h' 



Also, we state the .converse of this result concerning h: 



Theorem 2-5. If h =» ad - be 0,/ then the matrix 



inverse, which is 



has an 



d 

_ £ 
h 



b 
h 
a 
h 



Proof.-. Direct, multiplication shows that 



a b 
"c 6 



d 
h 
c 
■ h 



b 
h 
a 
h 



1 0 
0 1 



d 
h 
c 
h 



b 
h 
a 
h 



a b 
c d 



Exercises 



1»* For each of the . following matrices, determine whether the inverse exists; 
If it does exist^ find it: 



\ 
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(c) 



<d) 



-1 0 

2 a 
0 -7 



V 



(e) 



(f) 



(g) 



-3 7 

9 21 



4 
1 



2 -6 
-1 3 



? 



2. Each of the following matrices is actually a function in the sense that it 
depends on the vdlue assigned to x, ^^here x e'R. Determine ^t^se values 
of X for which yche matrix has no -inverse. 



(a) 



(b) 



1 X 



■ 3 " 

X X 
0 1 



Cc) 



(d) 



xt2 0 
4 

X X— 1 

2 3 



3. Show that each matrix of the form. 



• V" .. « . 



cos 6 sin 0 
-ssin e cos © 



4. 



5. 



6. 
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has an inverse and find it. Show that the prx)duct of two such matrices 
(different values of 6) is again such a matrix, (Hint: Use the addition 
formulas from trigonometry*) 



Show that^if A € M then A hAs an invejjse if and only if its transpose 
has an inverse* If * A has axji inverse show that 

^ transpose (A ^) = (transpose A)^^. 

Prove Theorem 2r3 by first computing A^^^ by Theorem 2-5 and then using • 
Theorem 2-5 a^ain to compute the inverse of A . 

Under the assumption that the elem^t A of M has an inverse^ show how 
Jl) solve* the equation AX « B, with B e Apply this to solve the 
' Op 
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following equatlojis: 

(a) 2x -{- 3z » 9, 
-X + 4z « 10; 

4 

(b) • 3x + z « 0; 
-2x +4 » 1; 



(c) 2y, + 3w » 0, 
—y + 4w "= 0; 

^ (d) 3y +' w - 1, 
— 2y + " w »« 0 . 



/ 



2—5. The Determinant Fundition . * , . 

We have seen that the criterion for the existence of an inverse for the 
matrix 

""a b 
c d 

involves the value of the expression ad - be. If ad - be 0/ the inverse 
does exist: if ad — be » 0, the inverse doe^ not exist. Eaeh 2X2 matrix 
determines one value for ad - be. For . example. 



\ 



if A 



if A = 



\ 



If A 



1 0 
0 1 

2 3 
4 6 



0.5 3 
4 " 0.6 



theti ad - be = 1(1) - 0(0) - 1; 



then ad - be 2(6) - 3(4) v= 0; 



, then ad-bc = 0'\5(0.6) - 3(4) = 11 



(Note that the second matrix does not have an inve^S^^.) With each matrix 
there is thus associated* one value, a real number determined by the entries, 
is convenient to give a name to this number, the value of the expression 
ad — be, which is associated with the matrijt 



It 




Definition 2-2. If 



X = 



a b 
c d 



9V 
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. then 6(X) « ad — be is called the determinant of X 



If 




Thus &. assigns to each menflSffr X of M a real\number 5(X), read 



''delta of|^X:" It is appropriate to regard this assignment or mapping as 
function from the set of 2X2 matrices' M to the set of re^^l numbers 



The function 6 has interesting properties > some of which we shall 
demons trate « \ 

First i^et us compute the values 6(X) -for a few products: 

f * 

- 

(a) If 

and B = 



3 2 
1 2 



0 3 
2 1 



then 



6(A) = 3(^) 2(1) = 4, 
5(B) = 0(1) - 3(2) = - 6. 



AB 



3 


I 


> 


0 


3 




4 




1 


1 




2 


1 




4 


5 



6(AB) = 4(5) ~ 11(4) = - 24,. 



(b) If 



then 



A = 



-1 2 
0 3 



and B = 



8 0 
3 1 



ERIC 



8(A) = - 1(3) - 2(0) = - 3, 



AB = 



5(B) - 8(1) 


- 0(3) 


= 8. 






-I 2 




8 0 




-2 -2 




0 3 




3 1 < 




9 3 
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&(AB) = - 2(3) - 2(9) = - 24. 

might suspect that &(AB) = 6(A) X 6(B) 1 This is true ani^e^s 
it. - * 



s ha 1-1 now prove 



Theorem 2-6. If A € M and B e M, then 



B(AB) « 6(A) 6(B). 



Proof. Let 



a 
'c 



B 



P q 

r s 



then 



'AB 



ap + br aq + bs 
cp + dr cq + ds 



6(AB),= (ap + br)(cq + ds) °- (aq + bs)(cp + dr) 
= apcq + apds + brcq + brds 

— aqcp — aqdr — bscp — bsdr. 
, = I apds + brcq — aqdr — bscp, 

6(A) = ad - be, 
6(B) = ps - 
6(A) •6(B) 

= adps — adqr — bcps 4- bcqi 




s - qr) 



By rearranging the terms in expressions (1) .aT)d (2), we see that 

6(AB) = 6(A) •6(B), • - 
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Let us look at anoth^ example; let 



(1) 



(2) 



q .e .d . 
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A = 



3 2 
1 2 



and B = 



0- 3 
2 1 



Now if 



a b 
c d 



then 



&CX) 



d -b 

-c a 



Hence 



-1 



1 . 


• 1 


2 


• 2 


1 


■ 3 


• 4 


4 



* —1 
and B 



_ 1 

3 



1^ 

2 

0 



Further, 



6(A) - 3(2) - 2(1) = 4, 



If 



5(B) = 0(1) - 3(2) = ^ 6, 



4 



1 

• 4 



Theorem 2~7 . If A is a 2X2 matrix, and A has a multiplicative 



invers^, then 



6(A S = ^ 



6(A) 



Proof. We have 



AA ^ = I, 



9i; * 



.. 5CAA ^) - 6(1). 



But by computing 5(1), we see that 



whence 



8(1) = 1, 



. 5(AA 



1: 



so that 



or 



&(A).6(A S = 1, 



5(A b 



1 



We are rtj^w In a position where can proVe quTte ^ sigaifitant theorenv,; 



which *wi^l give uW . fehe po\ger to decide whex) a product AB l^^S inverse and ^ 
what thp inverse is; ' / 



Theorem 2—8 . If A and B ar,e 2X2, matrices ^ -And^if A and' -B hav6 



inverses^ • then AB has an inverse (AB) , namely^ 



-1 . -1 *-l 
(AB) . = B- A ^ 



/ 



• Proof. Recall that we have 



. A 

■ / 

- * 



5(A) ^ 0, • 
6(B) 0,, 
• . 6(A) -6(8) = B(AB) * 



/ 



Hence , 



6(AB) 4 0, 



V 



9Q 



which mean? ^^^^ AB has an inverse, by Theorem 2-5. To complete the proof of 
.o6r theore^, we need only exhibit a matrix X stich that 



•I 



,ABX - I » XAB. 



Let 



Thien 




( " 

V- -1 -1 
X » B A 



ABX - AB B ^ A ^ 



A(BB ^) A ^ 



A(I) A, 
AA-^ 
I. > 



-1 



4 



. ' tlence- B*~^ A ^ is a right inverse. Similarly, we show that 



V 



^1 -1 ) 

B A is the inte 



B ^ A ^ AB - I. 



T^ua *B^^ A ^ Is the inverse o5 AB- This completes the proof. 
For example, let 



\ 



0 ' 1 
2 3 



and B =» 



2 5 
I 3 



Then 



3 1 
2 2 

1 0 



an^ B 



-I 



3 -5 
-1 2 



No\i 



whence 



AB = 



2- 5 
1 3 



3 
19 
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But also. 



-1 2 



3 


1 




19 


3 




" 2 
I 


2 
0 




2 

. 7 




- • 






- . 2 


2 





Thus, for ou|i example \te have . (AB) 



-1 



*-l —1 
B A 



There are many other theorems that cai^ be developed from the cohcept of a 
determinant function. A few of these will be included in the exercises thiit 
follow. It is worth noting, thougK we shall not prove ^t> that there is a 
determinant function associated with the other \se^^%^? aquape matrices, that is 
with those of order 1, 3, 4,..., and that similar theorei^s^hold for them^ " 



/ 



Exercises 2—5 
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Verifyjheorem 2-^ for the ina trices 



(a) A = 



2 1 

3 , 4 



3 



2 1 
4 3 



r % 



(b) A 



(c) A = 



Show that 



i 



-1 



3 4 

X X 



B 



0 1 

1 0 
- / - 

X -X 

3 /4 



6(tA) = t 5(A) 



■^1 



Hto-r-^any A £ M and any t c R. 

* 

3; Show^that 5(A) is the constant terra in th^ polynoj^ial 5(A-tI) 



92- 



2 . 1 
-5. -2 



^ .""^^nd 5(A) and &(B~^AB) and show thAt they 'are equal . 

.■ ■' V*''^ * * * 

•iif'S. • Show thAt if A e M,, B 6 M. anii B is invertible, then 

^ ' • 6(B~^AB) » 6(A)) 



6. .Show that if A^ is €he transpose of A then 



5(A) = 6(A), 



knd concLiKie that 



8(AA ) > 0 



for any A € M. 

7. xhe expression* 6(A - tl) is a poljmomial in t. For each 
ing matrices A» expand this polynomial anji find its zeros: 



(a) 



(b) 



1 2 
0 4 



-I 0 
0 1 



(c) 



id) 



t 0 
-t- 1 

a 0 
0 b 



8. Let 



/ 



/ 



A = 



2 0 
-1 1 



■lun ' 



93 



t ' * 

a^jd expand the polynomial 5(AA — xl) . Is this the same as the polynomial 

♦•I 

t ' 

8(A A — xt)? Are these tw polynomials the same for every matrix . A € M? 

• \ 

* 2— 6> The Group of Invertible Matrices ^ ^ 

^ In this chapter, we have been restricting our attention to the set M of 
2X2 matrices • This set is, itself, a subset of the set all rectangular 
matrices. Now. this set H can be separated into interesting subsets. In the 

■ , • / ■ 

preceding section, we have divided M into two complementary subsets, the s^p^pf 
2X2 mat:ricas that do not have inverses and tb^ set of ,2 2 matrices t^at 
do^ have inverses. In this section, we. shall confine our attention pr^.nw>ally 
^ tdf the set of ixivertible matrices. It i$ convenient to demote this by the 



symbol M. . 

1 



Let us summarize certain facts about, the set of xny^rnble matrices: 

' (a) If A € M^, and B e M^, then AB. € M^. 

(b) If A € M^, B £ M^, and^ C e M^, tjien A<^BC)h« (AB)C.. 

(c) In M^, there is anllcfentity element, 

/Li ^ 

(d) If A € M , , then A has an inverse /k , and A € M . . ' 

•Not only does the set satisfy each of ^ese conditions, but there are 

f 

many subsets of ' vM^ that satisfy conditions Analogous to t|iem • Any set S of 
« ^ 

matrices ,that satisfies conditions (a) , (b^, (c), and (d), with S in place of 
M . ; will be called a group* The concept of a group is furtdamental and extremely 
important in mathematics. Morfe gene.ifally, any seti^^of elements A,B»C,..»*, not 
necessarily m^tirices, satisfying the foregoing properties trela^Jtive to an opera-r 
tion (not' necessarily matrix multiplication), is defined to be^a group. You will 

*note that only one operation is involved in the group properties • Although we 
shall later intiroduce ^ few examples of the more general^Voncept , for the 

• foment let us consider some examples of groups of invertible matrices . 
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./ The smallest set of • invertible matrices that constitutes a group is the. set 



whose one element is the unit matrix 



1 0 
0 . 1 



Since II « I, condition (a) is 

f • 

satisfied; and condition (b) -"is automatically fulfilled by any set of square 



matrices. Certainly is a member of the set, ^ so that conditjton (c) is satis— 
fied. For condition (d), ther6, must be/an inverse for ev^ry element; but in our 
present set, theTynly element I .i is its own inverse ♦ ^ 

^All quite simple, isn't it? Was it obvious? • ^ 

Another' set tl^at constitutes a group is the set (I, — !)• Again conditions, 
(b) fltod (c) obviously are satisfied. Since ^ 

.r / * .(t)(-i) - (-i)(i) - - I \ 



and_ / 



Y,. 



v(i)Ce) ^ (-i)W) = I, 



condltipn^ (a) aqd Cd) also afe satisfied • • . ' 4 



_ ¥ 



The tljird set that we>sh^ll show td be a grpup is, a bit more significant. 
The^ set of all'elej^nts A € -M • such that 6CA) « 1 is a group. The proof is 
a bit more difficult, and* we must check carefully -^ach one of the defining 
properties. To provide a language that will be helpful, let us'detti>tfeT this set 
by ^ W, thus : * , „ • * • ' .- 

W « (A I A G M anc!^^,S(A) ^ 1). 

. Let us verify first that condition (a) is satisfied. If A e w and B € W, 

then, S(a) = I and 6(B) = i. Since 5(AB) = 5(A) 5(B'^ by Theorem 2-6» we 

/ 

have N • . 4 ' • V 



6(A^) = &(A) 5(B) = (1)(1) " 1. 

and thus AB fw. 



Property (b) holds automatically. • 
For property (c), since 5(1) «• 1, it is clear that I e W. 
To*, demonstrate that condition (d) is satisfied, we must show not only that 

each element of W has an inverse but also that the inverse is an element of 

" • ' ' ' ' ^1 

W. Kew, if A e W, then 6(A) = 1. Since 5(A) 9* 0, A has -an inverse A , 

by Theorem" 2-5 . Since . . , 



AA ^ - I 



and 



we have 



5(1) - 1, 



5(AA ^) 
-1, 



6(A) SU""^) - 1/ 



V 8(A~b -I 1, 
"&(A"^) - 1'. 




i — 1 " • 

Hence\< A c W, and we have now demonstrated that W is . a group. 

In our last example, we shall discuss^^H^l matirices of the form 



X y 



/ 



(x^y * real numbers) 



and denote^ this set by 2 C M. 

We observe first that the product of any two members of this set 2 is als'o* 
a member of 2. We have» indeed, ^ y 



-^1 .^1 



^2 ^2 



- x^x^ - y^y^ , (x^y^ + y^x^ 
-(X2y^ + x^y^) -^iy2 ^1^2 



Condition (b) is automatically satisfied; ai^d clearly I is a member of 
Z, so that condition (c) is satisfied. * . 
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96 . 



• In considering condition (d), we run into trouble.* The zero matrix is an 
element of this set, but the zero matrix does not have an inverse. The set of 
al^ matrices of tl^ form • . 



X y 



does no 



t fo^ a group. Although the set Z does not satisfy the four conditions. 



a subset of Z, defined by 



Zj^ - {A I A e Z an4 S(A) - 1), 



does satisfy the conditions and is therefore a group/ ^ .t 

* " . , • ' •)' . 

The demonstration is easy. Let ' A e and B 6 Zj^. We know that 

AB e Z, as already shown; and, since &CA) - 1 and 6(B) - 1, we know that 

6(AB) » 1. Hence Ap e Z^ , ' knd therefore condition (a) is satisfied. Obviously, 

condition (b) also is satisfied. We know that ' I e Z and that 5(1) - 1; * ^ 

« ' * 

hence, I e 2,, so that condition (c) is satisfied. Finally, for condition (d), 

^ * • -1 • , -1 

we must show that if A g Z, then there is an inverse A such that A^ £ Z^4' 

1 ■ * 

We follow t:he pattern set in an earlier illustration. Since B(A) » 1,. thete is 
an inverse. Then, using the fact 'that 5(AA'"^) - s/l), we proceed to show that 
6(A~"^) » 1, which means that a""^ e Z^. Having demonstrated that the four 
groups .postulates are satisfied, we conclude that we have a, group. 

Before considering the more general concept of a group, we s-^all demonstrate 
a fruitful correspondence between the elements of and the points on a unit ; 

circle, whi»ch will let us examllie the geometric meaning of Z^^ . 

If . „ ' * ' 



X y 
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is any element of Z, , we have ' 6(A) "« 1; that is, we have 

1.04 ' ■ ' 



s 



V 4 
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2^2 . 



Now, if we let x and y be coordinates of a point (x,y) , we are able to 
establish a o^e— to^ne correspoiidence between the elanents of Z^^ and the 
points on a ugit circle: * , " 



X y 

y X 



\ 



-^-^ (x, y). 



^The set of matrices is thus mapped onto the set of points in sxich a way that to 

9 

each matrix there corresponds exactly one point of the set, apd to each point of 

» ♦ 

the^ set there corresponds exactly one matrix. 

The point (x, y) ia pn the circle off radius 1 with -center at the origin. 



sLs shojwn in Figure 2jl. 




Figure 2—1. The unit circle. 
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Let us call this^circle the unit circle and denote it by Q. . ' 
• Thus . - 

2 '2 



Q = ] (x, y) I X • e R, y e and x + y = 1 | 



* A geometrical ttteaning can be 'assigned to the inverse of any, element of 2. . If 



X y 
-y X 
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then we. can readily, coa^ute A by Theorem 2—5, to obtain 



A ■ 



X -y 



Recalling the one— to-^ne correspondence between the nxa trices a{£ and the 



potntfif, of Q (the unit circle), . 



X y 
•y X 



<— > (x, y), 



we see, by examining Figure 2—2, that the correspondent of A is the reflec- 

* * * 

tion in the. x axis of the correspondent of A. - . 



-1 



(x, -y) 



A 




' (x, y) 



Figure 2—2. Geometric representation of inverse matrices k^ and a""^ e Z^^ 

^Although a full discussion of the general notion of a group would be too 
extensive for this book^ a fiiw words ar-e in order. The definition of an abstract 
group is stated somewhat differently from the defining properties, given on page 
, ^ 93, although the abstract definition implies the letter. , 



* ^ Definition 2— 3 > A group is *a set G of elements^ a>b>c>,,,^ on which a 
i ' 

binary operation o (read ^'circle'*) is defined^ such that the following 



erJc , 



properties are satisfied: . '* 

' (a) If a e G and b e G, then a o b e Q, (Clfostirfi prop^rt^.) 

(b) If a £ G, bee, and; c e G, then ' . .' I 
a' o (b o c) (a o b) o c* (Associative pfopattyO ' • 

(c) There exists a unique element i, i € G, sucjTOiat , * 

ioa«a««aoi for all 'a € G. ( Identity* property .) 

> * ' " —1' — 1 ' 
" <d) " For each a e G, there exists ah element a » a £ G, . 

such that a oa«aoa «i. (Inverse property.) ^' 

If, in addition, the following condition is fulfilled, the group is said to- be v 
c omcmtative of abelian:* » 

. ' • ' 

(e^ For each a e G and each bcG, ^aob«boa. (Cooimitative 
property*) ^ ^ 

Alt^iough the operations we ar^ most concerned wit:tr in mathematics are 
addition and multiplication, we are not restricted to these in the foregoing- 
abstract /iefinition. For instance, a very helpful exercise, not only for under- 
^Standing the notion of a group but also fot comprehending a finite nnmber system^ 
is the addition' associated-^w^th a clock face; see Figure 2-3. This furnishes us 
Vlth a g'roiJp* The set of elements is 1,2,... ,12. The operation- is clockwise 




Figure 2-3. "Ajclock face] Thp addition y^sociated with it gives us a group ^ 



addition of hours'. E^tch defining property of ^ an abstract group^ satisfied, as 
we shall now demonstrate. First, the ''sum** of any two elements is another 

■-•./.■- ' ' ' ■ * 



eloment. For e:^rti>ple^;we.have 



/ 




1 + 6 ■« . 7, 

+ 4 « 12, . 

•11 + 2 = 1, * 

3. + 12 - 3 . x 



Secondly since, for example* ^ % 

4 * 

(8 + 2) + 3 » 1 and 8 +• (2 + 3) « 1, " ' ^ 

*e see that the associative property holds ♦ Thirdly, a full clock rotation, an 
ad'ofknce of 12 hours, gives the same time, so that 12 is our unique identity 
elesoent; thus, / 

. 12 +.2 -i' 2 ^ 2 + 12. 

Finally, to each -of the elements, 1,2,..., 12, there corresponds a number we can 



"add" to obtain 12 . . Thus 



.4 + 8 « 12 « 8 + 4, 

10 + 2 - \2 « 2 + 10, 

12 + 12-12-12+12. 

.' » ' ' ' 

One of the most elegant examples of a group consists of the threp cube 

roots of 1, namely r ^ 



1 - 1 




uMer multiplication. The demonstration is left to the studaAt as an exefcise,* 
Interestingly enough, although the integers are the most commonly used 
^ system that has a group structure *"(under , the operation of addition), they were 
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not jpe first to have thair group' structure analyzed.' The first groups to be' 
\0i 



4 tucb^&d ek tensive ly were finite groups such as thfe 'two--examples giye|i' above. 
Theise" groups. -were found during a study of the theoty of -equations^ by Evariste 
Galois, (1811— 1832)^ . to , wham .is credited the origin of the sy^teiaatic study of 
Group' Theory*. UnfOrtimately, Galois was killed in a dufel at the age of 21, 

* ' . c 

immediately after recording some of hia ciost notable theareitos. ' - 



1. 



Exer'cises 2—6 ' - 

« 

rmine' whether the ' fallowing sets ^,are, groups under- multiplication: 


















-1 


1 


0 


r 


-l' 


0 




0 


1 


0 


1 




0 


-1 


> 


-1 
















r 





(b) I, -I. 



-K, 



where 



K 



0 1 

r-'Vo 



Show that the set of all elements of M of the form 



^-1 
t 0 
0 t 



where t £ R and t -j^ 0, 



constitutes a group under multiplication. 
3. Showi that the set of all elements of M of the form 



t s 
s t 



^ 2 2 

, where t € R> s e and t — s = 1» 



constitutes a ^roup under mul tiplicatiion * 
4. If - 



\ 



A = 



1 : 

2 ' 

2 ' 



2 

_ 1 

2 



J 
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^how t|iat the set 

* V ♦ 



* S" 



\ 



. . ' ♦ • ^ 

♦is a group uSder multiplipafion.. '^Ipt j;he .corresponditig points in the 

' • . ° . ■ ^ ' . ' ' '• \ ■ ' ■ 

Let • ' • ■ ' • . • , • ' 



. T 



Show that th& set 



[ .1 -2 
~1 1 



and» ^ 



1 0 



{Tit T(-I)T ^, ^, T(-K)T M 



is a "group under nmltiplicatioa. ^ I« this tnf$ if T is any ihvertible 
matrix? ' * 



Show that the sejt cf all e^^^'yit^pf. the^^ fonn 



a 0 
0' b 



/ 



, with a € R, be ^nd ab » 1^ 



i6 a group under multiplication* If you plot all of the points (a,b), 
witlx ^ and b as ab<j^ve, what sort of a curve do you get? 
Let \ • • 



K « 



0 1- 
H 0 



and let H be the set of all matrices of the form 

xl + yK, with x e and y £ R* 

Prove the following: ' ^ • 

(a) The product of two element^ of H is also an element of H. 

(b) The element xl + yK is invertible if and only if 



* '''' 

^ * 1 



X - jr- y f 0 . • ^ • 



(c) The set of all e^^aents xl + yK .with, 'X — y ■ ,1 is a group. - 
8 1 * If a set G of 2 )^ 2 {oatrices is a group, show that each of the following 
sets are gtdups: , ' . . - 

(a) (A I A € G}, whete A • transpose of ^A; 

• ■ / - . ^ ^ . . : ^ ' 

<b) (B A9 I A € Gj, ^Aere B is a ^fixed inverttble element of 

9« If a set g; of 2X2 matrices is a group» shov that^ 

' ^ ' ' /"^ ' ' ' • 

(a) G * (A I A e G), . ^ 

/ 

X " ' ■ 

(b) 6 » [BA I A € where 6 is any fixed element of G. 

10 • Using the definition of an abstract group, demonstrate whether or not each. 



of the follo^ng sets under the indicated qperation is a group: 

i 



/ ■ •• 

(a) the set of odd integers under addition; 



(b) the set of positive real numbers under multiplication; 

(c) the set of the four fou'rth roots^of 1, {1> —1, i, '-^i}, under 
multiplication; ' ^ 

(d) the set of all integers of the fofia 3m^ where m is an integer, 
under addition • ^ 

11 • By proper application of the four defining postulates of an abstract group, 

prove that if a, b, and c are "elements in . a group and a o b - a o .c» 

then b c • » 



4 



2—7, An Isomorphism between Complex Numbers and Matrices 

It is true that very many different kinds of algebraic systems can* be 
expressed in terms of special collections of matrices. Many theorems of this 
nature have been proved in modern higher algel^a. Without attempting any sucH 
proof, we shall aim ih the present section to demonstrate how the system of ^ 



in 



I 

i : 

7 . ■ 

/ 
/ 

/ 



coaplex numbers can be expressejd in terms o£ matrices. 



'\ /In the preceding section, several sub8et;£f' of the set of all 2X2 matrices 
♦ f . 

\ were displayed. In particular, the set 



X y 
-y X 




of all matrices of the form 



. ' ./X e R ?and y 6 R, 



Was coi&i4ered. We shall exhl^t a* one-to-one correspondence -between the set 
of ^11 complex riui^bets, whicji^ we denote by C, and the set ^This one-to-<me 



foxtespjf^ence would not ^ ^particularly significant if it did not preserve * 
'lilg^t^aic properties —/that i&, if the- sum oJ^' two complex numbers did not 
^ col/espond to the sum of the corresponding two matrices and the product of two* 

^ompiex numbers did not correspond to the product of^ the corresponding two 

/ ' - ' 

matrices ♦ There are othei; algebraic properties that are preserved ii^ this 



sense* 



Usually a complex number is expressed in the form 



X + yi. 



where i « -/rl. x € a, and y e R. Thus, if c is an element of C, the 
set of all complex numbers we may write ^ 



c = x(i) + y(i) • 



The numeral 1 is introduced in order to make the correBpondence more apparent 
In order to exhibit an element of" 2 in similar |orm» we must introduce the 
special matrix * - 



J ^ 



0 1 
-1 0 



4 



Note that 



I 



^1 o 

- c 



V ■ $ 
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*0 1 
-1 ♦Of 



0 1 
-I 0 



-1 0 
*0 -1 



» - 1 



y 0 

0 1 



^ - I; 



thus 



J - - I. 



V 



The matrix J corresponds to 'the number i, which satisfies the ahalogous 

• * * :^ 

equation " . '* - ' . * ' 



■ * • 

l^is enables us to verify that 



- 1. 



■ ERJC 



xl + yJ » X 



1 0 
0 1 



+ y 



0. 1 
^1 0 



X 0 
0 X 



X y 
-y X 



0 y 

0 



which indicates that any element of Z may be written in the form 

xl + yJ. • 

For example, we hava 

• , 21 + 3J « 2 



■ I 



1 0 


+ 3 




0 1 




~l 0 



2 0 
0 2 



+ 



0 3 
-3 0 



~i 



2 3 
-3 2 



i ( ,7 



and 



QI + 5J-« 0 

■ $ 




1 0 
0 . L 



0 0 
0. 0 



0 5 
-5 0 



+ 5 



0 1 
-1 0 



0 5 

-5; 0 



can establish a correspondence between C, the set of ^coii^>1qx n<nphers^, 
^he set of matrices: ♦ ' ^ , 



xl + y.i <-^.xI + yJ. ' 



Since each element of C is matched with one element of Z> and each element 
of Z is matched with one element of C, we call the correspondence > one— to-one , 
Several special correspondences are notable: ' , 



O-I + 0-J 

#■ . . 
1-1 + 0»i < — > I'l + 0«J 

0.1 + i.i «— > 0. A i.j 



0 



0 « 0.1 + O'i 

1 
i 

As stated earlier, it is interesting that there is a correspondence 
^between the complex numbers' and 2X2 matrices, but the correspondence is not 
particularly significant unless the one— to--<me matching is preserved in the 
operations,, especially In addition and multiplication,^ We shall now follow the 
correspondence in these operations and daaonstrate th^ the one— to-one property 
is preserved under the operations . 

When two comple:^^ numbers are added, the real components are added, and the 
imaginary components are added. Also, re m e m ber that the multiplication of a ^ 
matrix by a number is distributive; thus, for a e R, b e and A € M, we 
have 

(a+b)A « aA + bA./ 
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i 



, Hence we are able ^how our ohepto— one correspondence under addition: 
- (Xj^ + iy^) + (x^ + 173) Yj^J) + (x^I + 72-1) ^. 



Foi? eKample,, \^ have 



V ; ' .(2 - 3i) + C4 + li), . . <2l ~ 3J) + .(41 + ij) 



and 



6 - 2i \ 9^ 61 - 2J\ ^ \ 

[3 - 21) + (2 + Oi) (31 - 2J) + (21 + OJ) 

= 5 - 2i 3^ 51- 2J. 

, I 

) 

t • . , * - 

Before demonstrating that the correspondence is preserved under multiplica— 

tion, let us review for a moment, Aiy^example will suffice: 

(2 + 4i) (3 - 2i) - 6 - 4i + 12i 8i^ 

... ' > ' 

- 6 - 8(-l) + 12)1 ^ . 
= 14+81; 

if (21 + 4J)(3I - 2J)- 61^ - 4IJ + 12JI - 8J^ " 

' o 61 - 4J + 12J ^(-I) 

♦ 

= 61 '+ 81 + (-4 + 12)J 

* 

- 141 + 8J. 
Generally^ for multiplication, jwe have 



108 



^ If we represent a complex nimber 
as a matrix, .1 



a + bi ^ 



\ 



a ,b 
-^^ a 



we do have a significant correspondence I ^ Not only is there a one-to-one cor-- 
respondence between the eleil^nts of the two sets, but also the corresptmdence 
is one-to-<>ne under the operations of addition and multiplication* 

The id^itive and multiplicative identity elements are, respectively. 



and 



0 s> 0 + Oi 

A 



i = 1 + Oi > 



0 0 
0 



.1/ 0 
-0 1 



0 



I; 



and for the additive inverse of 



a + bi < — > 



we have 



/ 



— a 



bi < — > 



a b 
— b a 



-a -b 
b -a 



J 



Let us now examine How the multiplicative inverses, or reciprocals, can be 

matched* We have seen that any member of the set of 2X2 matrices Hias a 

* 

multiplicative inverse if and only if the detetinihant does not equal aero. That 
^ is, if A e Z then there exists if and only if x'^ + y'^ ^ 0 since 
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2 2 ' ' ' ^ 

biPi!Jr^ X + y if A » xl + yj. t^ow we know that any complex tiumbet has a 

pultipiicative inverse, or reciprocal, if and only if the complex number is not ^ 

zero. That is, if c « x + yi, then there exists a nuiltiplicative invei^ae if 

and only if x + y^. 0,^r which means that x and y are not both 0. This is 



' ^ / 2 ^ 2 

equivalent to saying that x + y ^ 0, since x € R and ^y g For multipli- 



cative inverses, if 



our correspondence yields 



« 



f 



» X + yi ' < — > xl + yj » Z^. 

\ ;'lx+y x +y 

It is now clear that the coLrespondence between C, the set of complex 
nximbers , . and Z, a subset of all 2X2 matrices, . 



X + yi <r~^ xl + yj, 

is preserved under the algebraic operations. All of this may be sunroed up hy 
saying that C and Z have identical algebraic structures J Another way of 
expressing this is to say that G ^ and Z are lsQirK>rphic * This word is derived 
from two Greek words and means ''of the same form," Two number systems are 
isomorphic if, first, there is a mapping of one onto the other that is a one-to— 
one correspondence and, secondly, the mapping preserves sums And products. If 
two number systems are isomorphic, their structures are the same; it is only 
their terminology that is different* The world is heavy with examples of iao— 
morpKisms, some of them trivial and some quite. the opposite* One of the simplest 

is the isomdt:^ism bejEween the natural numbers and the positive integers, a 

* 

Ll7 
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.subset of the integers;* another is that between the real niambers and the subset 

a + Oii^of all complex numbers* (We should quickly guess that there is an 

isomoxyhism between real numbers a and the set of all matAces of the form 

. al + OJl) • ^ • ^ . ' 

An exkmple of an dsomprphism that Ils more difficult to understand is that . 

between Veal numbers and residue classes of pbljmomials* We won't try to explain 

* » • ^ 

tlftb bne? but there is one more fundamental concept , that can be in introdi^ced 

here> as fpllows* . ^ * • 

We have stated that the real nimibers are isomorphic to a subset of the com— 

plex numbers. We speak of the algebra of the real numbeias as being embedded in 

the algebra of complex numbers. In this sense^ we can say that the algebra of 

^ — > ^ 
complex "numbers is embedded in the algebra of 2X2 matrices. Also, we can 

speak of the complex nimibers as being "richer*' than the real numbers, or of the 

2X2 matrices as being richer than the complex numbers. The existence of 

♦ 

complex numbers gives us solutions to equations such as 
« 

2 ' 
X + 1 » 0, 

which have no solution in the domain of real numbers. It is of course clear 

* 

that Z ^s a proper subset of that is, Z C M and Z ft M. Here is a simple 
example to illustrate the statement that* M is^'richer'* than Z: The equation* 

- I « 0 

has for solution any matrix 

; 

0 t 



X = 



1/t 0 



, t e R and t f« 0 , . 



V 

as may be seen quickly by easy computation. On the other hand, the equation 

- 1 » 0 



Ill 



has exactly two solutionii^ ainong the complex number^, namely c «f 1 aad c » — . !• . 



1. 



2. 



. . Bxercisfes 2-7 
* » 

• « 

Using the followliig yaluea^ show the correspondence under addition and 
multiplication, between complex numbers of the form x + yi and ma triced^ 
of the form xl + yi: • ' . . 

(a) - 1, y^y - 1, - 0, aiid y^/ - -2; . 

(b) - 3, yj^-=-.4, x^ - J.,, and « 1; 

* « 

(c) Xj^ - 0, y^ - - 5, ^2 " 3» ^2 * 

Carry through, in parallel columns as in the text, the necessary coioputa- 
tlons to establish an Isomorphism bet^en R and the set 



N 













< 








0 

X 


: X e R 








\ 















( 



by^means of tlie correspondence 



X 0 
0 X 



3, In the preceding exercise, an isomorphism between R and the sets of 
matrices 



X 0 
0 X 



, X e R, 



was 'Considered* Define function 

f : R > M 

by , 



f(x) 



X 0 
0 0 
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Determine vhich of the following statements ar,e ^correc^t: 



(a) f(x + y) -.f(x) + f(y), 

(b) f(xy) - [f(xi] [f(y)] , 
, (cr f(0) -0, 

(d)* f(l) ' "V 

4. Is the set of matrices 



(f(x)) ^, X 0. 



h. 




r 



/ 



a b 
-b a 



2 2 

with a and b rational and with a + b «*l,^a group under multiplication? 



2-^ ♦ Algebras 

The concept? of group, ring* and field are of frequent occurrence in modem 
algebra. The study of these systems is a study of the structures or pattecsis 
that are the framework on which algebraic operations are dependent. In this ^ 
chapter, we have attempted to demonstrate how these same concepts describe Cbe 
structure of the set of 2X2 matrices, which is a subset lof the set of ^11 
rectangular matrices. 

V 

t 

Not only have we introduced these embracing concepts, but we have exhibited 

the ''algebra^' of the sets. **Algebra" is a generic word that is frequently used 

\ 

in a loose sense. . By technical definition, an alg&bra is a system that has two 
binary operations, called ''addition'^ and ''multiplication,** and also has 
'"multiplication by a number,'* tha^l make it both a ring and a vector space. 

Victor spaces will be discussed in Chapter 4 and we shall see then that the 
set of 2X2 matrices constitutes a vector space under- matrix addition and 

multiplication by a number. Thus the 2X2 matrices form an algebra. 

/ 
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As you yourself mighf conclude at this time, this algebra is only one of 



-I 



9 s. 



<■ r. 



manj^ poss^le ^l^^brasT"^ Some tbiese algebras are ^duplicates of one another 
in the sense that tK^%basic structure ^of one is\the same as the basic structure 
of another)/' Superficially > they seem different becaxi«e of^ the terminology, ^en ( 
they Jiave the same structure^ ,two algelSras are called ^isomorphic-. One of the 
injr^re^tiing x?bservatdon§ about^mode^' matlLematics is Jb&t the structure .oJ> these ^ 
new branches often overlaps >part3 the old math^ematips with which 
already familiar* 



we are 



"5 



( 



7. 
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Chapter 3. 

J ? MATRICES AND SYSTEMS OF LINEAR EQUATIONS V 

3-1. Introduction ' ' ' '. 
— ^ ^ . ^ 

' In this ^hapter, we ere goings to demonstrate the use of xnsLtitxc^ tn the 
solution of systems of linear equations. We shall first review a few wfell-known 
algebraic teVhniques for solving these systems and then shall show how some of 
the same /techniques can be duplicated in terms 9 f the matrix operations with"* 
which you are now familiar . 

Our study will tl^s lead us naturally into the application of matrices to 
the solution of systems of linear equations/^ j ^ ^ 

In your previous study of algebra, you probably learned ^several methods 
for seeking solutions of such systems of linear equations as 

« . • 

2x - y - 3, 

(1) • 

^ * ^5x + 3y * — 7 . 

Thus, you might recall the method of substitution and the method of elimination. 

For example^ you can solve the first of the above equations (1) for y in" 
terms- of x, 

y = 2x ^ 3, 

substitute this expression in the second equation, obtaining 

^5x + 3(2x - 3) = - 7, ^ 



whence 



and accordingly 



X = 2 (2) 
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y = 2x - 3 - 2(2) -3=1. 



Or you can multiply both members of the first equation in (1) by 3 to obtain 



6x - 3y - 9, 



add this to the second equation in (1) to eliminate y, getting 



(2) 



whence 

y a» 1 

^ -> (•■> 

as before; ^ 

_ * ■ \ 

^ In each of the foregoing prcrfiedures., what has actually been demonstrated is 
only that if there is a solution set of valuers- (x,y) for the system (1), then 
(x,y) ■ (2,1)/ For logical completeness you should substitute these values in 
the* original equations (1) and observe that for them the equations are valid 
statements; * ^ 



2(2).- 1 « 3, 5(?) + - 7. ' 

.Alternatively, of course, for logical , completeness you might demonstrate 
that each of the steps you have taken is '^reversible" — that is, that the validity 
o§*each new system of equations, implies that of the former system — so jtthat finally 
•the system of equations, 



X - 2, y « 1, ^ ^ 

with which you ended is equivalent to the original system; that is, every solution 
of one system is a solution the other, and conversely. 
For example, the system 
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2x - y = 3, 

X » 2, ;. 



/ 



(3) 



which consists of Equation (2) and the first equation in.Cl)» was obtained by 
f 

means of algebraic operations from the system (1). Accordingly, any solution of 
the system (1) is also a solution of the system (3). Conversely, the validity 
of the system (3) implies that of the original system (1), since the first 
equation in (1) is included also in (3), and since the second equation in (1) 
results, from subtracting 3 times the first equation in (3) from the second 

V 

equation in (3)* Accordingly, the two systems <are equivalents 

Direct verification by the substitution of x «• 2 and y « 1 in the 
original equations (1) has the advantage^ however, that it guards against com-- 
putational errors . 

In the present chapter, we shall investigate two routine and orderly methods 
of elimination, without regard to the particular, values of the coefficients 
except that we shall avtoid division by 0. The first of these, the triangulation 
method , is ao extrem^^ efficient general way of solving a single'" system of 
equations. The diagonal method, which is treated next, is an extension of the 
triangulation method/ It is rather less efficient than the triangulation method 
in solving a single system; but it is especially useful in dealing with several 
systems in which corresponding coefficients of the variables are equal while the 
right— hand members are different— a situation that often occurs in industrial and 
applied scientific problems. 



The triangulation method and the diagonal methpd are procedures oi the sort 



you might use^ for example, in "prograitiming, " i.e., devising a method, or program, 

for solving a system of linear equations by means of a modem electronic computing 

/ 

machine *i Before long, these 'Wgic brains'* may be developed to the point where 
they are able even to choose for themselves the most efficient method for dealing 
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* 

with any particular set of coefficients. 

The methods will lead you naturally to see how the theory of matrices that 
you have been studying is directly applicable to the solution of thelse systems. 
In particulars^ you will see how the diagonal method can be used in matrix tnr- 
version and how very useful the inverse of a matrix is in the solution of 
systems of linear equations « 



Exercises 3—1 
1^ Solve the following systems of equations: 



(a) 


3x + 4y 


m 


4, 




(b) 


X 




2y 


- 3, 








5x + 7y 


m 


1; 










y 


-•2; 






(c) 


X + y 






3, 




X 




3y 


+ 2z 


- 6. 






2y + z 




10, 






y 




z 


. -> / 








5x — y 




2z « 


- 3;" 








z 


-7; 






(e) 


X 4- 2y 


+ 


z — 


3w <» 2, 


(f) 


Ix 


+ 


Oy 


+ Oz 


+ Ow 


» a. 




• y — 22 


+ 


w «= 


7, 




Ox 


+ 


ly 


+ Oz 


+ Ow 


«= b, 




z 






0, 




Ox 


4- 


Oy 


+ Iz 


+ Ow 


" ^\ 








w — 


3; 




Ox 


'+ 


Oy 


+ Oz 


+ Iw 


- -d. 



2,. Solve by drawing graphs: 

(a) X + y 2, (b) 3x + 4y « 1, 

X — y=*2; 5x+7y = l. 

3, Which of the following statements is correct? Which of the final conclusions 
is actually valid? If ^ ^ 

4^ - 2-4 -5 + 5^ = 5^ _ 2«5.4 -f 4^, 



then 




(4 - 5)2 - (5 -"4)2. 
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so that 



whence 



If 



then 



so that's 



whence 



4-5-5-4. 



-1-1. 



-1-1. 



4-5-5-4. 



(4 - 5)^ - (5 - 4)?, 



2 2 2 2 

4 - 2*4-5 + 5 - 5 - 2.5-4 + 4 



f'V. 



119 



3-2 The Triangul a tlon MethocT 
5 ~ 

The triangulation method for solving systems of linear equations is best 

♦ 

presented by example • T^ie method consists of a step^y^tep replacement of a 
given system by a sequence of simpler but equivalent ^sys terns . 
Consider, for example, the system y 



3x + 2y - 2e « 3, 
2x — ,y 4z 4^ 

* . — x+y + 52=»0. 

The basic objective of the triangulation method is to replace such a 
as (I) by an equivalent system of t;he form 



(I) 

system 
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X + bj^ y + Cj, z = dj^, 
y + z » d^, 
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if this is possible. The value for z is then substituted from tie third 



:h of these 



equation into the second to determine a vaiue for and then bo 

values are substituted into the first equation to determine a valu| for 

For a system such as (I), the procedure in achieving the basii| objectiive — 
if It can be carried out — is ^Irst to obtain the desired coefficients 1, 0, 0 for 
* X, next the desired coef ificients 1, 0 for y, and then the 'coefficient 1 for 
z. Thus this procedure might be s^aidj to consist of 3 "niDlecules ^f '3, 2, and 1 
••atoms,", respectively. 1! i 

For/the solution of the system (i) , the first molecule has 3 at|>ias: (i) the 
first equation in (I) is multiplied by 1/3 to yield 



.2 2 . 
x+-jy--jti» 1; 



(1) 



(ii) —2/3 Cimes the first equation is added to the second equation in|(I) to get 



7 8. 
^3^-3 



and (iii) 1/3 times the first equation is added to the third equation 
obtain 



5 ^ 13 , 
3 y. +-3- - " 1. 



Now Equations (1), (2), and (3) constitute the system 







2 




y 


^ 3 " 


* 7 




8 


3 


y 


- 3 ^ 


5 






3 


y 





= 2, 



1. 



) 



(II) 
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Thus> any solution "of the system (I) is also a solution of the system (II) • 
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On the other hand, by reversing the atomic process » you can show for yourself 
that the reverse implication also hol^; that is, any solution of the system (II) 
is also a solution of the sys±ek (I). Accordingl]^ the two sy.stema are equiva- 
lent: Every solution of one of the systems is a solution of the other, and vice 
versa. , , - ' 

The second molecule has two atoms. Namely, (i) the second eqtiation in (II) 

is multiplied by -3/7 to obtain 



■ 8 ■ 6 
y+ya-~y; 

/ 



and (ii) 5/7 times the second equation is added 'to the third equation in (II) to 
yield ■ . 



17 17 

7 ■ 7 



We now have the equivalent system 



3y-3 1 . ^ 

• * » 

y + y z « — y , (III) 

17 17 
7 ^ " 7 • 

t 

The third inolecule has just one. atom: we multiply the third equation of the 

♦ 

present system by 7/17 and thus obtain the equivalent system 

2 • 2 ■ 
x4^3y-3z^l. 

y + I 2 - - y , ^ (IV) 

2 » 1 . 



We have now completed what i« known as the forward solution of the system 

* ' » . \ 

(I) For the backward solution , we\ffub^titute z " I into the second equation 

in (IV), getting V . 

\- . 

"v. ■ ' 
y - - a. ,^ 

and then substitute z » I ^nd y - - 2 in first equation, finally obtain- 
ing 

♦ 

X i 3. 

; In the backward solution, the systems we have obtkin^d are still equivalent 
to the original system. Thus, if we have made no computational, mistakes, we 
have determined that the system (I) has the unique solution 

(x, y, 2) - (3, -2, 1). 

To make the steps of the triangulation method quite clear> let us detach the 
coefficients of y> and z in the system (I), thus: 







X 


y 


z 






f 




3 


2 


-2 




3 






2 


-1. 






4 






-1 


1 


5 




0 



The symbols x> y, 2 have been placed in a >ow at the top of the columns 
to serve as a memory device; In the next section, when we shall be working with 
matrices^ they will appear as a column on the right* 

•v 

In the foregoing process, what we sought was an equivalent system containing 
coefficients 0 and 1 as follows: • ■ 



^29 
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X 


y 








1 


\ 


^1 






0 X 


1 


^2 


m 




0 


b 


1 " 










• I 







What would we have sought 1£ the system had consisted of 2 eq^uatlons in 2 
variables? of 4 equations in 4 variables? Can you suggest why this might be 
called the "triangulation" method? 

In terms of detached coefficients, the steps in the foregoing^ forward 
triangulatlon solution of the system (I) went like this: 



3 2-2 
2-1-4 
-115 



3 
4 
0 



0 



2 
3 



5 
3 



2 
3 



0 -I -I 



13 
3 



1 

2 
1 



1 


2 
.3 


2 
3 




1 


0 


1 


8 

7 




6 
7 


0 


0 


17 


m- 


17 


7 




7 


X 


y 


z 






1 


2 
3 


2 
3 




' 1 


0 


1 


8 
7 




6 
7 


0 


0 


1 


cs 


1 



(4) 
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Generally* for the system 



0 



hi 


X 


+ ^12 


y 


+ a^3 


z 




*21 


X 


+ a^^ 


y 


+ a23 


z 




*31 


X 


+ ^32 


y 


•"^33 


z 


- 



the triangulation method proceeds like this if none of the coefficients we want 

* 

to divide by are 0: 



X 


y 










X 


y 


- Z 








^ — 


*12 


*13 




^1 




1 


hz 


"13 






) 


*21 


*22 


*23 




^2 




0 


"22 


^23 






r 


*31 


^32 


*33. 




^3 




0 


"32 


^33 


m 







X y 2 



1 " 


"12 


"l3 




£1 


0 


1 


'^23 




*2 


0 


0 


^33 




63 












X 


y 


2 






1 


^2 


"13 


V 




0 


1 




IS 




0 


0 


1 




"3 



(5) 



Can you express each of the b's in terms of the a's? each of. the c's 
in terms of the b's? What are similar expressions for the f's, g's» and 
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Exercises 3—2 

\. In general, in the triangulation method for solving a system of four linear 

equations in four variables, how many ^Wlecules'' are there in the forward 

« 

solution? How many '^atoms" in each of the ''molecules?^' How many individual 
additions and multiplications in the forward and backward solutions together? 

2*' Solve the following systems of linear equations by the triangulation method: 



\ 



(a) 3x » 4} ^ (b) X — *y » 3^ 

X + y. - 4 ; 

(c) 2x - y + z - - 1, (d) X + y .+ z + w » 9, 

3x ^2y + 3z - 3, x ~ y - z + w » - 1, . 

x+y+z«»2; x — y+. z — w- — 3, 

t 

3* The solution s^of one of the following syst^s^ of linear equations is 

empty, while the otfher solution set contains ai\/ infinite number of solutions, 

See if you c^ determine by the triangulaUK^h method which is ^^.ch, and 

give three pai;ticular numerical solutions for the system that d^es have 

* •* 
solutions: / 

(a) X + 2y - z =- 3^ (b) x + 2y - z - 3, 

X— y+ z»4, X — .y+z«4, 

* 4x — y + 2z = 14; 4x — y + 2z « 15. ^ 

4. For the scheme (5) of this section^ express the ^'s in terms of the a*s, 

the c's in terms of the b's, the f^s in terms of the a*s and e's, 

the g*s in terms of the f*s and b's> and in terms of the a^s 

and e's* 



3^3 ♦ Formulation in Terms^of Matrices 



Ls^e 



In this siectlon and the next^ we shall see how the matrix notation and 
operations- that were developed in Chapter JL can be used to write a system of 



1 3^2 



linear equations in matrix form and to carry out the steps of the triangulation 
method for solving the system. 

First, for the system (I) of Section 3-2, namely, 



3x + 2y - 2z - 3, 
2x — y — 4z • 4, 
/, -ic + ^y'^Sz'Oy 



(I) 



let us consider the array of detached coefficients of %»3y» z as a 

matrix. 



A 



3 2-2 
2-1-4 
-11 5 



J 



Next« let U8 con^iider the coliiom matrices, or coluom vectors. 



X - 



and B « 



whose entries alisp occur ill that system of equations* By the definition of 



matrix multiplicatjLon, we- have 



\ 










— 






— 2z 




3 


2 


-2 




X 




3x + 2y 


AX - 


2 


-1 


-4 




y 




2x- y 


- 4z 


4 


-1 


1 


5 




z 

u - 




-X + y 


+ 5x 



which is a coluam matrix whose entriejB--«fe the left-hand members of the equations 
'^of our linear system (I) • 
^ Now the equation 



J 



AX » B, 



(1) 



that is, 
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3 


2 


-2 




X 




3 


2 


-I 


^-^ 




y 


m 


4 


-1 


I 


5 




z 




0 


u 















is •equivalent,- l?y the definition of the equality of matrices, to the entire 

system of linear equatlJpns ,(I). It is an achievement not to be taken modestly 

that we are able to consider, and work wit h, a large systdi cif equations in terms 

f 

of such a simple representation as is exhibited in Jkjuation (1) . A pattern is 
beginnin| to emerge, but we shall hot now spoil th^ fun by announcing the final 
results. 

Ther^ is an interesting way of viewing the product ^ 



AX 



3... 2 -2 
2 -1 

-i-i y 



3x + 2y - 2z 
2x — y — 42 
-X + y + 52 



Y. 



You will 'recall that the equations; you Kave been handling earlier, suth as 

^ y » ax + b 

y « -^in X, ^ 



and 



express functions, or mappings, with numbers x' constituting the^ domain knd 
^numbers y constituting the range.* The above matriJN A can also be cortlaidered 
as determining a function, with the variable X on a domain of column matri^s, 
and with the variable 



3x + 2y — 2z 
-rx + y + 5z 



also on a range of column matrices: a matrix function of a matrix variablel We 
have nc^ previously considered functions of this sort. 

In terms of matrix functions^ what is the meaning of Equation (1)? The 



J- 3 4 
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matrix function determined by the matrix A maps the X domain of^matrices onto 
a Y range of matrices « Equation (1) asjcs an inverse question: What matrix or 
taatrices X (if any) are mapped on the particular matrix B? Of ^course, we have 
already found in Section 3-2 that the unique valid answer to this question is 



3 
1 



We shall consider some geometric aspects of this ma trix-^f unction point of 
view in Chapters 4 and 5. 

Now look again at the scheme (4) in Section 3-2, but this time in ten^s oT 
matrices : . >. 



3 2-2 
2 -1 ^ 
-115 



'J L 



X 



I 

0 
0 

1 

0 
0 



2 
3 
7 
3 
5 
3 



2 
3 

1 

0 

2 
3 

1 

0 



2 
" 3 

8 
" 3 
13 

3 













X 




1 


J 


y 




2 




z 




1 











2' 
3 




X 




1- 


8 
7 




y 




6 

"7 


17 








17 


7 




z 




^ 7 


2~ 
3 




X 




• 1 


8 
7 




y 




6 
7 






z 




1 













We already knbw from the work of Section 3—? that these matrix equations are ^ 
equivalent, so that the implication arrows can be replaced by two-4ieaded 



arrows 



> • 
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Our present concern, however, \Ls the question: Can the foregoing implica-- 
tions be achieved through matrix operations? This question will be tre^ited in 



the next section* 



Exercises 3-^3 



a. 
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Perform the indicated multiplications: 

* 4 



(a) 



4 -2 7' 
3 15 
Q 6-1 



2. Write in matrix form: 



(b) 



3 


2 


-I 




X 


U 


2 


-1 






y 


.V 


-1 


1 


5 




z 















(a) 4x"'— 2y + 72 « 2, ^ 
3x + y ^ 5z » 1, 
6y - z - 3; 



(b) X + y - 2, 
X — y 2. 



3. Determine the systems of algebraic equations to which the matrix equations. 



(a) 



. . are equivalent. 
4. Onto what vector does the function defined by 







— 






























3 


4 


5 




X 




1 




3 


2 


-2 




X 


U 




1 


2 


1 


2 


3 




y 




0 


, (b) 


2 


-1 


-4 




y 


V 


m 


2 




0 


1 


2 








2 




-1 


1 


5 




z 


w 




3 


1 


» . 
« 



































'i i 




X 


3 4 




y 



map th^ .veptor 



? What vector does it map onto the vector 



5. Perform the following matrix multiplications: 



(a) 



(b) 



1 

0 



0 0 

1 0 



0 0 1 



0 0 

1 b 



0 0 ^2 



a b c 

d e f 

g 1i i 

'a b c 

d e f 

g h i 
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1 

i 


0 


0 




a 


1 

D 


c 


(c) 


3 


1 


0 




d 


e 


f 




0 


0 


1 




S 




i 




'9 




— • 

0 




a 


b 


c 




1 


0 


0 




d 


e 


f 




0 


0 


I 




S 


h 


i 



3^k. Solution by Means of Matrices 

I.L -...l.- I_.J-.I. ^ > 

In applying the triangulation method to the solution of the system (I) of 
Section 3^2,, namelyy to 



3x + 2y - 22 « 3, 
* 2x — ' y — 42 * 4, 
— X + y + 5z « 0, 



(I) 



we carried out just two types of algebrai^operations in obtaining an equivalent 
system in triangular form: . ' 



(a) multiply an equation by a number other than 0; 

(b) add an equation to another equation, 
A third type^ of operation is sometimes required, namely: 

(c) interchange two equations ♦ ^ 

This third operation would have been necessary if a coefficient by which we 
otherwise would have divided had happened to be 0, arid there had been a sub— 
sequent equation in which the same variabl>^ had a nonzero coefficient* 

^ The three foregoing operations can> in effect, be carried out-through 

. matrix multiplication. We shall illustrate this st|tem6nt through examples 
involving a given 3X3 matrix of cofcfficients of ti)e variables x, y, and 

s z, namely. 



a b c 
d e f 
g h i 
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You can easily see, however, that the coimients ^hat follbw hold more generally 
for an arbitrary rectangular matrix of coefficients, 
(a*) Consider the product 

























n 


0 


0 




a 


b 


c 




na 


« nb 


nc 


6 


• 1 


0 




d 


e 


f 




d 


e 


f 


0 


0 


1 






h 


i 




g 


h 


i. 

























You should perform this multiplication yourself to see that the result is correct. 
♦ 

The operation has the-^ffect of multiVlying the first row of A by n. To 
multiply the second or ttiird row by n, you can verify that yoji would nultiply 

* 

on the left ^ 



1 


0 


0 






1 0 


0 




0 


n 


0 




or , 


0 U 


0 


* 

» 


0 


0 


1 






0 0 


n 










■ 











f respectively. Thus, to multiply the p-th row of a matrix, A by n, you 
multiply A on the left by' a matrix J obtained from the identity matrix I 
through multiplying the p-th row of I by n. 

(b") Consider the product 



10 0 
Oil 
0 0 1 



a b c 
d e f 
g h i 



a b . c 

d + g e+h f+, i 
g h i 



this multiplication has the. effect of adding the third row of A to the second 
row of A. To add the third row to the ffrst, for example, or the firat to the 



I 

second » you would multiply on the^-^eft by 



10 1 
0 10 
0 0 1 



or 



10 0 
110 
0 0 1 



respectively. Thus,, to add the p-th row of A to the q-th row of A, you 
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multiply A on the left by a matrix K obtained from the identity matrix I 
by adding the p-th row of I to the th row of I. 



^c') Consider the products 







-1 




r~ 




— 1 










0 


1 


0 




a. 


b 


c 


d 


e 


£ 


1 


0 


0 




d 


e 


£ 




a 


b 


c 


0 


0 


1 




S 


h 


i 




_g 


h 


i 














_ 






















— 










1 


0 


0 




a 


b 


c 




a 


b 


c 


0 


0 


1 




d 




f 




g 


h 


i 


0 


1 


p 




g 


h 


i. 




d 


e 


£ 














































0 


0 






a 


b 


c 




g 


h 


i 


0 


1 


0 




d 


e 


f 




d 


e 


f 


1 


0 


0 




g 


h 


i 




a 


b 


c 

























Thua you see that to interchange the p— th and q— th rows of a matrix A, you 
multiply A orf the left by a matrix L obtaiifed from trfe identity matrix I 
by interchanging * the p-th and q-th rows of I. 



Definition 3— 1> The matrix multipliers J, K> and L described in para-* 
gi^aphs (a*), (b'), and (c**), above,^ are called the elementary matrices > 

The foregoing rules for determining elaaentary matrices J, K, and L, to 
be used in. operating on the rows of a matrix A through matrix multiplication, 
are extremely easy t^ remember: You simply perform the desired operation on I 



instead of A. You might note, however, that these operations on I are not 
operations defined in our algebra of matrice^ they are merely devices for con— 
structing the left-hand multiplier J, K, or L. 

^that is, each J, K or L) has ^ri inverse, 



Each elementary matrix, 
,-1 



that is, a matrix £ such that 



E ^ E 



E E 



-1 



For example, the inverses of the elementary matrices 
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— 




I 


0 


0 




I 


0 


0 


J - 


0 


n 


0 


, K - 


0 


1 


1 




0 


0 


1 




0 


0 


1 



and L 



0 10 

! 0 0 

0 0 1 



are the elementary matrices. 



10 0 



0-0 
n 



0 0 1 



10 0 
0 1 .~1 
0 0 1 



, an< 



0 10 
10 0 
0 0 1 



respectively, as you can verify either by performing the multiplications that 
are involved or by recalling the effect of multiplying any matrix A by one 
of these elementary matrices. Thus, the above matrix I. differs from the 
identity matrix I in having its first two rows interchanged; and multiplying 
on the left by^ L* has the effect of interchanging the first two rows. 

MuX tip ligations by elementary matrices can be combined. Thus, to multiply 
the first row of A by 1/3* we would multiply #A on the left by the elementary 
matrix J with a^- «• 1/3: * 



J « 




and to add —2/3 times the first row to the_a«:ond row, or 1/3 t^mes the first 

row to the third, we would multiply A on the left by the product of elementary 

-1 

matrices of type J K J: . » 

































3 


0 


0 




1 


0 


0 




2 


0 


0 




1 


0 


0 


*~ 2 








3 








2 




0 


0 


1 


0 




1 


1 


0 




0 


a 


0 




3 


1 


0 


0 


1 




0 


0 


1 




0 


0 


1 




0 


0 


L 

































or 
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3 0 0 
DIG 
0 0 1 



1 0. 0 

0 10 

1 0 



IN 



I 0 0 
0 10 
0 0 1 



10 0 



0 



1 0 



1 0 

1 



respectively.. To perform all three of theae operatidns at the same tii^e, ve 
would BMltiply A on the left by 



4 0 I) 



-■^10 



-01 



As, 



which can similarly be shown to be a product of elementary matrices. 

Now the three operations performed on the matrix A through multiplying A 
on the left by the above matrix M, correspond precisely to the three atoms 
(i), (ti),, and (iii) of the first molecule in the triangulation solution of th^ 
system (1); see page 120. 

In matrix form, the system (I) is * 



3 2-2 
2 -\ -4 
-113 



X 

y 

z 



3 
4 

0 



We multiply both sides of this equation on the left by K^t thus: 



3 
2 



0 0 

1 0 



t 0 ' 



3 
2 
-1 



2 -^2 
-1 -4 
1 5 



f-» - 

X 



i- 0 0 



-•=•10 



^01 



(1) 



If you will carry out the numerical computations both in the left— hand member 
and in the right— hand member of Equation (1), you will obtain the anticipated 

result: 



\ 
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1 
0 



2 
3 
7 
3 
5 
3 



2 

* 3 
8 
' 3 
13 
3 



X 

y 

z 



1 

2 
1 



This la the matrix form of the -system (11) of Section 3-2. 

If you look now in Section 3^-2 at the two atoms (i^ and (ii) of the second 
molecule in the solution of the system (I), you will ascertain that. the corres- 
pondings^]Bi«trix multiplier must be 



\ 



«2 - 



1 


0 


0 


0 


3 


0 


7 




0 


5 
7 


1 



since this time we want ta multiply the second row of the matrix of coefficients, 
by -Hn and^o add 5/7 times the .second row to the third. The matrix Jtj, applies 
thus: 



1 / 


0 


0 




.1 


0 


3 
7 


0 




i 

0 - 


0 


\ 
1 


2 

•mi 




0 

L /% 



2 
3 


2" 
~ 3 




X 




1 


0 


0 


7 
3 


8 

3 




y 




0 


3 
7 


0 


5 


13 








0 


5 


1 


3 


3 




z 




7 





to yield 



* 3 
1 



2 
■ 3 




X 




. 1 


8 
7 




y 


IB 


_^ 6 

7 


17 






I 


17 


7 




z 




7 



1 

0 

Q 0 



which is .the matrix form of the system (III) of Section 3-2. 

The third niolecule, with its one atom, has the corresponding matrix 
multiplier . , 
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IX 0 0 

0 1,0 
7 



0 0 



17 



since it leaves the first equation unaltered, leaves the second equation unaltered 
and multiplies the third equation by 7/17; applying we obtain 




10 0- 
0 I \o 



0 0 ^ 



3 

0 0 



2 
" 3 
8 
7 
17 
7 



X 

y 



0 10 



6 
' 7 
17 
7 



or 







1 


2 
3 


2" 
3 




X 




1 






0 


1 


8 
7 




y 




6 
7 




0 ■* 


0 


0 


1 




z 




1 



(2) 




NoifcHjZy* o£.course» is precisely the matrix version of the equivalent 



s/ 



triangulated* aystiem (IV) of Section 3-2: 



X 



^2 2 , 

X + 3 y - 3 z « 1. 

^8 6 

y + 7 ^ - - 7. 



1, 



from which the backward solution yields (x, y, z) = (1, — 2» 3) as befor'e. 
To review the foregoing process, and to visualize the operations more 

generally, we might note tl\at the successive matrix multipliers for the scheme 

{ 

' (5) of Section 3--2 are ... - 



0 0 



10 0 



3k 



I 0 



0 



22 



0 



and 



0 10 



°31 
*11 



0 1- 



0 - 



_32 
*22 



0 0 



'33 



X.et us now take advantage of the assc^iative law for the multiplication of 



matrices to form the product 





1 


0 


0 




I 




0 


0 




1 

1? 
2 

3 


0\ 


•0 


M - M^M^Mj^ « ' 


0 


1 


0 




0 




3 
7 


0 




1 


0 


\ 


0 


0 


7 

17 




0 




5 
7 


1 






1 

3 


0 


1 




1 


(X 


0 






1 

3 f 




0 


— 

0 










0 


I 


0 






2 
7 














0 


0 


7 

17 






1 
7 




5 
7 


1 









1^ 

3 
2 
7 
_1 
17 



0 0 

J_ J_ 

17 17 



If M applied to the original system of equations (I) in matrix form^ thus; 



i 0 V 



0 



7 "T . 



3 


2 


-2 




X 




I 

3 


2 


-1 


-4 




y 




2 
7 


-1 


1 


5 


* 


z 




1 

17 



0 0 

1 0 



3 

4 
0 



then the equivalent triangulated system (2) is obtained directly, as you can 



Hi 



1|8 



verify by performing the numerical computation* 



If we are confronted with a secon^ system of linea^^ equations > say 

3x + 2y - 22 « - 2, 
2x1- y - 4z - 12, ^ 



+ y + 52 



18, 



in which the coefficients of the variab^s are tfefe same as in the original system 

while the rights-hand numbers are different, then we can again apply the 
same matrix M to obtain the same triangulated matrix of detached coefficients, 
thus: 



i. 0 



2 
7 

1, 
17 



3 
7 



0 
0 



17 17 



3 2-2 
2 -1 ^ 
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1 


X 




3 

2 


y 




7 
1 






^ 17 



0 0 
17 17 



-2 
-12 
18 



or 





1 


2 


2 








^ 2" 






3 


3 




X 




3 




0 




8 








32 




1 


7, 




y 




> 




0 


0 


1 




z. 






•solution 


procerss yields 












(x, y 


, 2) » 


(2, 


0, 4) 



t ■i- • ■ 

■ When we are confronted with the problem of solving two or more systems of 
linear eqyations that differ only in their right— hand members, however, it is 
advantageous to^ effect a further simplification of the matrix of detached co— 
efficients, obviating the necessity of performing the backward solution each 
time. This will be done through the diagonal process in the next section. 
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Exercises 3-4 



Solve the following systems of equations by the triangulation method: 

(b) 



(a) 3x + 2y - 22 - - 4, 
2x - y - 42 » 2, 
-« + y + 52 a 7; 



X - ' y - 22 « 3, 



y + 32 - 5. 
22 + 2y — 32 a 15. 



2.' Solve by the triangulation method: 



V 





1 


4 


7 




X 




3 




(a) 


2 


3 


6 




y 


ai 


0 


> 




5 


1 


-1 




z 




7 
























1 


4 


i 


>> 


X 




• 3 




(h) 


2 


3 


6 




y 


s ' 


0 






5 


1 


-1 








-2 














_ _ 










1 


4 


7 




X 




1 




(c) 


2 


3 


6 




y 




3 


» 




5 


1 


-1 




z 




-4 


















— • 






1 


4 


7^ 




X 




0 




(d) 


2 


3 


6 




y 




0 


• 




5 


1 


-1 








0 





3. Solve by ther triangulation method: 



4 0 2 
13 1 
2 -15 



X 

y 



u 

V 



4 2 
1 6 
3 7 



J 4^ 



3—5. The -Diagonal Method • 

For the forward triangulation solution of the system 




3 2-2 
2 -1 -4 
-1 1 y 





X ' 




— * 

3 








4 




z 




0 



(I) 



you will recall that iA Section 3-4 we sought an equivalent matrix equation 
-* * 

having coefficient matrix of the form 
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lab 
0 1c 
0 0-1 



(1) 



without regard to the -unspecified entires a, b, and c in the upper right- 
hand portion. After.this was achieved, the backward solution was employed to 
obtain the answer: j 

(X, y, 2) - (3, -2, 1); 

♦ 

I In case we have to solve several systeias of linear equations, all with the 

^ 

same coefficient matrix but with different right-4iand members, as in some of the 
problems at the end of the preceding section, it is more efficient to obtain an 

4. 

equivalent system with the identity matrix 



10 0 

a ^1 0 

^01 



(2) 



as coeffitfTfent matrix, for then the backward-solution procedure is eliminated. 
It is always possible to obtain a coefficient matrix of the fon^ (2) if it is 
^possible to obtain- one of the form (1). 
You should recall that 



1 


0 ^0 




X 




X 


0 


1 0 




y 




y 


0 


0 1 




z 




z 



4^ in order to appreciate the value of having a coefficient matrix of the form 
(2). Can you tell how it is that no backward solution is needed in this case? 
Can you suggest whya method of solution involving a matrix of the form (2) might 
be called the "diagonal method"? (The I's in Equation (2) are on the principal 
diagonal of the matrix.) What matrix correspond^ to (2) if the system consists 
of 2 equations in 2 variables? of 4 equations in 4 variables? 
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Of course, more work is -required to obtain a coefficient matrix of the form 
(2) than is , required to obtain one of the less special for^ (1) - You will recall 
that in obtaining an equivalent system with coefficient matrix of the form (1)> 
the procedure-consists ordinarily of 3 ^'molecules," of 3, 2, and 1 ''atoms," 
respectively. In obtaining a coefficient matrix of the form (2), a^s you will 
see, the procedure again ordinarily consists of 3 molecules, but now each molecule 
contains 3 atoms j^^j|p,gever, in general the additional work in obtaining a coef- 
ficient matrix of the form (2) is more than compensated for even if th^/e are 
only 2 systems with identical coefficient matrices to be solved. 

The diagonal method differs from, and extends, the triangulation method as 
follows: whereas in the triangulation method we seek to obtain a coefficient 
matrix with I's all along the principal diagonal and with O's everywhere belo^ 
this diagonal, in the diagonal method we seek to obtain a coefficient matrix 
with 0*6 also above the principal diagonal. The way to determine the matrix 
multipliers in order to do this should be apparent from a review o£ the rules 
given in Section 3-4; Liis wilL be illustrated in the next section. 



Exercises 3—5 



I. Perform the- following multiplications: 
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(a) 



3 
2 
-1 



(b) 











2 


-2 






-1 


-4 






1 


5 






1 


12 




lo" 


17 


17 




17 


6 


13 


8 


17 


17 




17 


1 


5 




7 


17 


17 




17 




> 







17 
_6_ 
17 

-L 

17 



12 
17 
13 
17 
J_ 
17 



10 
17 
_8_ 
17 
_7_ 
17 



3 2-2 
2 -1 -4 
-1 -1 5 



2. Multiply both members Qf the matrix equation 
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on the left by 



•1 12 10 
6 -13 -8 
-1 ^ 5 7 



X 

y 

z 



17 

0 
' 0 



r- ^ 

3 2 
2 ~1 
-1 1 



-2 
-4 
5 



and use the result to solve the eqviati6n. 

3. Solve the following system of linear equations: 

. X + 12y + lOz - - 9, 
6x - 13y - 8z » 31, 
-rx + 5y + 7z = — 8- 



>-6» Matrix Inversion ' 

Let us app^Ly the diagonal method to the system (I) of Section 3-5. But to 
emffhasize the fact that the procedure will work equally well for aiqr set of 
right— hand members, let us replace the right-hand member 



by U 



u 

V 

w 



thus: 

















3 


2 


-2 




X 




U^ 


2 


-1 


-4 




y 




V 


-1 


1 


5 




z 




V 

















This is an equation of the^ form 



AX = U 



(1) 



(2) 



the coefficient matrix A determines a matrix function with independent variabl 
X on the range of 3X1 matrices and dependent variable U 'on a domain also 
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'Of 3x1 jjuttrices 



-1 



If the matrix A has an inverse ;A , so that 



A - I - A a"^. 



and if we can determine A ^, then we can solve the equation (2) for X in terms 
of U by multiplying on the left by A ^: 



whence 



A~^ AX « A^ U, 



A ^ U: 



thus we have the inverse matrix function of the matrix function gi^>en by Equation 
(2), " Our .problem is to determine the matriat- A/ in case this matrix exists for 



our particular example, 



For symmetry, let us write Equation (1) in the equivalent form 



3 2-2 
2 -1 -4 
-115 



X 

y 



1 -0 0 
0 10 
0 . 0 l" 



V 

w 



(?) 



with a coefficient matrix on both sides of the Equation. 

Looking at. the left-hand coefficient matrix in Equation (3) » we determine a 
matrix multiplied to adjust the first column, as follows: 



1 

• I 


0 


0 




3 


]2 


-2 




X 




1 

3 


0 


VI 




1 


0 


0 




u 


2 
3 


1 


0 




2 


-1 


-4 




y 




2 
3 


1 






0 


1 


0 




1 

V 


1 
3 


0 


1 




-1 


1 


5 




z 




1 

3 


0, 






0 


0 


1 




w 



This multiplies the flrstf^row the raatrix^of coefficients by 1/3, adds 
—2(1/3) =• -2/3 times the first row to the second, and adds 1(1/3) = 1/3 times the 
first to the third, yielding 
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1 

0 
0 



2 


^1 


3 


^3 


7 


8 


3 


3 


5 


13 


3 


3 



X 



1 

3 
2 
3 
1 
3 



1 -0 
1 0 
0 1 



V 

w 



'is 



Adjusting t:he second column of the left-hand coefficient matrix, we have 

*' f ft 



1 






1 


2 
3 


, 3 








1 


2 
7 


0 


0' 


-f 0 




0 


*7 
3 


8 

" 3 




y 




6 


3 

^ 7 


0 


0 


> — 


♦ 


1 


5 
3 


13 

. 3 




z 




0 


5 
7 


1 



-§ 1 0 
i 0 X 



U 
V 
W 



This multiplies ttie second row by -3^^, adds (~2/3)(-3/7) » 2/7 times the second 
row to the first, and adds (-5/3) (-3/7) = 5/7 times the second row to the third 
to yield numbers 0, 1, isand 0 in the second column: 




1 0 
0 1 

0 '0 



10~ 








7 




X 




8 








7 




y 




17 






V 


7 




z 





7 
2 
7 
1 
7 



2 
7 
3 
7 
5 
7 



0 

or 
1 



u 



w 



'Similarly, ad^ustfhg the third column of the left^-hand coefficient matrix, 
wS" perform the multlj^llcation " . ■ 



1 0 
0 1 

0 0 



10 
17 

17 

17 



1 


0 


0 


,1 


0 


0 



10 " 




X 


17 




8 
7 




y 


17 






7 




z 



1 0, 
0 1 

0 0 



10 
17 
8_ 
17 

_7_ 

17 
>■ 



J k 



1. 
7 

2 

7 
1 
7 



2 
7 
3 
7 
5 
7 



0 
0 
1 



u 



w 



obtaining 
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Equation (4) can be written equivalently as 



1 


12 


10' 


17 


17 


17 


6 


J.3 


8 


17 


17 


17 


1 


5 


7 


17 


17 


17 





T ■ - 




u 




V 











(5) 



In particular, to return to our original system (I) of Sectipn.3H5, if for 



we get 



u 

V 

w 



we take 



3 
4 
0 







X 




y 




z 









1 


12 


10 


17 


" 17 


17 


6 


13 


.8 


17 


17 


17 


1 


5 


7 


17 


17 


17 



3 

-2 
1 



which coincides with the result obtained .in .Section 3-4 by the triangulation 
meth(^d. 

Again, for the problem 



3 
2 
-1 



2 


-2 




X 




-4 


-1 






y 




2. 


1 


5 




z 




7 



we obtain 
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<4 




1 


12 


iO 


17 


17 


17 




13 


8 


17 


17 


17 


1 


. 5 


7 


17 


17 


17 



-4 

2 
7 



You should compare Equations (1) and (5). Let 



90 
17 
106 
17 
63 
17 



1 2 -2 

2 -1 -4 
-11 5 



B 



17 
_6_ 
17 
±_ 
17 



12 
17 
13 
17 
_5_ 
17 



loV 

17 

A 

17 
_7_ 
17 









1 


0 


0 


4 


X 






u 






I - 


0 


1 


0 


, X « 


y 




u » 


V 


♦ 






0 


0 


1 




2 • 






w 



The above procysdure amounts to multiplying 

AX « U \ 



on the left by B, 



BAX - BU, 



to obtain 



X = BU. 
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Accordingly, we have , a 

BA = I, 

the IdentiJiy matrix. You can show likewise that 

•AB - I. 

Thus the matrix A has B as its inverse, as deftned in Chapter 1: 

is 3 



(6) 



(7) 
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Is It an accident that the matr^ which we determined as the product 

of elementary matrices in such a way as to satisfy Equation (6)» also satisfies 
Equation (7)? Not at all I — even though we know that the commutative law does 
not generally hold for matrix multiplication » The fact that Equation (7) follows 
from Equation (6) is^an instance of the following , result: > 

Theorem 3—1/ If A and B are n X n matrices, if B is a* product of 

elementary loatrices, and if BA - I, where I is tk» n X n identity matrix, 

then ^ J 

AB - I. ^ 



* Proof • For simplicity, we shall give the proof only for the representative 
case ^ 



B » E^ Ej^, 

where E^^ and are, elementary matrices; and we shall use the fact that every 



elementary matrix E has an inverse E .as indicated on p.ages 132 and 133 • 
Since 



BA « I and B * E2 E^, 



we have 

V 



^2 ^1 * = ^' 



whence 



E^^ E^^ E^ E^ A « E^^ E^^ I. 



Consequently, 



or 



since E^^ « I and the product of I by any matrix is the matrix itself, 
But also E~^ - I, so that 

A - . 



Since 



A » E~^ E~^ and B ^ E^^, ' * 



we have 



-1 -1 

AB - Ej ■ *2 ^1 

^ 



whence 



-1 

AB - Ej^, 



or 



AB « I, 

as desired. This completes the p^of of the theorem 

Now look once more at the left-4iand members and at the right-hand members o 
the equations starting with Equation (3) and ending with Equation (4), and sup- 
press fVcJm them the matrices . * 



X 

y 



and 



u 

V 

w 



Thtis on the left and right, respectively, you start with 



A and I 
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and end with 



I and A 



-1 



the sequence of transformation matrices that leads from A to I leads also 
from I to. A^^^ We have thus outlined a method for the determination of the^ 
inverse of the matrix A. 

Some matrices, however, do npt hav^e inverses, as you learned in Chapters 
l and 2. We shf^il he concerned with such a matrix when we deal with the matrix 



of cpefficients in the examples (a) and (b) at jthe start of the next section. 

t 

*^ Exercises 3—6 

1» Solve the following systems of equations by the diagonal method: 

- 4, 



(a) 3x + 2y — = 

2x y — 42 » 2, 
--X + y + 5s - 7; 

2. Solve by the diagonal method: 



(b) X — y — 2z « 3, 
y -t 3z = 5, 
2x+2y - 3z ^ 15, 









4 


7 




X 




[3' 


(a) 




2 


3 


6 




y 




0 






5 


1 


-1 




z 




7 
























1 


A 


7 




X 


r 


1 


(c) 




2 


3 


6 




y 




3 






5 


1 






2 




















L 




3. Solve by 


the diagonal 


method: 





(b) 



1 

2 
5 



1 

2 
5 



4 
3 
I 



4 
3 
1 



7 
6 
-1 



7 
6 
-1 



M_ J 



3 
0 
-2 



0 

■0 
0 
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4 0 2 
13 1 
*2 -1 5 



X u 

y V 

2 W 



m r 
n s 
P t 



4 2 6 
1' 6 2 
3 7 7 



10 
6 
12 



4. Solve by the- diagonal method: 



2x + y + 22 - 3w 
'4x + y + z 4- w 

6x — y — 2 — w 
-4x — 2y + 3^ — w 



0, 
15, 

2. 



3. Solve by the diagonal method: 



9x - y « 37, 
8y - 2z « - 4, 
. *■ <7z — 3w ■ — 17, 

2x + 6w » 14. ^ 

V 

6. Determine the inverse of each of the following inatrices: 







— 
















- 


.1 


0 


0 




4 


'3 


2 




1 


0 


0 


•3 


1 


5 


> 


0 


1 


-1 


> 


1 
3 


4 


0 


-2 


0 


1 




0 


0 


7 




1 

2 


3 


2 

























Use your work on Exercise 4 to splve 



2 


1 


2 


-3 




S 


w 




6 


1 


4 


1 


1 


1 


V 


t 


X 




6 


12 


6 


-1 


-1 


-1 




u 


y 




4 


8 


4 


-2 


3 


-1 




V 


z 




-2 


7 



8. Explain how it is that the diagonal process is not self-^iestructive — that 
is, that after a 0 or 1 has been established in a certaifr" position in 
the coefficient matrix, this value persists at that place in subsequent 
Steps. * 

9. Express the matrix ' 
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0 0 



3 ' ' 

i 0 1 
3 



as a ptoduct of elementairy matrices 



10. 1 Give a proof of Theorem 3-1 for the, case 
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where E^^, E^, and E^' are elementary matrices^. Try to prove the theorem 
for the general case 



n n— 1 2 I 



3—7. Linear Systems in General , 

Earlier in this chapter, in Exercise 3—2—3, we were concerned with the linear 
systems > 



(a) X -WZy — z =a 3, 
4x — y + 2z « 14; 



(b) X + 2y - z = 3, 
X ^ y + 2 4, 
4x y + 22 = 15^ 



vhich look innocent enough. But for them the first step of the triangulation 

' J 

method of solution yields \ 



(a*) X + 2y - z = 3, 

- 3y -f- 2z •= I, 

— 9y -f 6z = 2; 



(b') X + 2y - z = 3, 

— 3y +22 « 1, 

- 9y + 6z = 3, 



and the second step gives 
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(a") X +1y ~ a » 3, 
• - 3y 2z » 1, 
. ' 0 « - 1; 



(b'O X + 2y ~ 2 « 3, 
— 3y + 2z o 1, 

0 « 0. 



If there were a solution for the system (a), then we would have 0 = ~ 1; 
hence there is no solution for this system. 

Now, by contrast, there is no mathematical loss in dropping the equation 
0 « 0 from the system (b'') . Without this equation, the system can be written 
equivalently as ^ ^ 



(b"' ) X + 2y « 3 + 2, • 

.12 
y » - 3 "3 2, 



Application of the backward-solution portion of the triangulation method to the 
system (b'" ) yields . 



/ X - -3- + 3 2. 



h 2 
y » - - T 2. 



(1) 



Whatever value is given i;o 2, this value and the corresponding values of at 
and y as determined by the equations (1) satisfy the original system (b) • For 
example, a f^w solutions are shown in the following table: 



z 


X 


y 


-2 


-I 


1 


-1 

0 


4 
3 

11 

3 


1 
3 
1 
3 


1 


6 


-1 


4 


13 


-3 



Do you have an intuitive geometric notion of what might be going on in the 
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n 

above systems (a) and (b)? Relative to a 3-diinensional rectangular coftrdiiiate 
system, each of the 3 equations in either (a) or (b) represents a plane. Each 
pair of planes actually intersect in a line. The 3 lines of intersection in 
either (a) or (b), might be expected to be 'concurrentyin a poin^ However, in 



c^« 



(a) the 3 lines are parallel vbuf not coincident; there is no point that lies on 
all 3 planes. On the other haifd, in (*b) the 3 lines are parallel and coincident; 
there is an eri'tire "line" of solutions. f 

How many possible configurations, a« regards intersection^ can you list i 
lox 3 planes, not necessarily distinct from one another? They might > for 
example, have exactly one point in common; or two might be coincident and the 
third distinct from but parallel to them; and so on* There are systems of 4iriear 
equations that correspond* to each of these geometric situations* 



Here are two additional systems that even more obviously than the-above 
system (a) have no solutions: 

(c) X = 2, _ (d) X + y + 2 « 2, 

x«3; x+y + z«3. ^ 

Thus. you see that the number of variables as compared with the number of 'equations 
does not determine whether or not th^re is a solution. 

♦ 

It is plain that the routine triangulation and diagonal methods can be ^ 
applied to systems of any number of linear equations in any number of variables • 
Let us examine the general situation and see what can happen • Suppose we have 
a system of linear, equations in^certain variables. If any ^^ariable £rccii« with 
coefficient 0 in every equation, it plays no role ahd we drop it ^j^^^uppose we 
have applied k molecules of the diagonal process; in doing this, since ve 
-Sometimes divide by the coefficient of one of the variables, it might be 
y-necessary to rearrange some of the equations, by the method of paragraph (c') 
in Section 3-4, or to rearrange some of the terms in all the' equations • At the 
end of this process, we arrive at an equivalent set of equations of the form 



• 



lor) 
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+ ; linear terms in variables other than Xj^,...,x^ » b^^, 

^ X- + linear terms in variables other than x^»...,x^ ■ b^. 



k2) 



Xj^ + liifear ten^s in variables other than Xj^,...,x^ « b^, 
' and OTHER EQUATIONS in which the variables Xj^, . . .,Xj^ do not appear. 

If any variable occurs with a nonzero coefficient in any one of the OTHER 
EQUATIONS* we can continue our elimination process. Eventually we wilt come to 
ail end* At this point, our system of equations must look like this: 

+ linear terms in variables other than Xj^,*.*,Xj^ - hj^,* 

X2 + * linear terms in variables other than Xj^,***,Xj^ ■ b^t 



k3) 



Xj^ + ^ linear terms in variables other than Xj^»..i.,Xj^ » b^^, 
\)THER EQUATIONS in wtoich no variable appears with a nonzero coefficient. 

What' can one of these OTHER EQUATXON|| which*must be an equation in which 
no variable appears, ;look like? Either it is of the form 0 » 0, in which case 
we might as well drop it; or it^is of the form 0 » b, where b is a constant 
different,, from aero, in which case it is a contradiction.*' Hence we see that: 
either the OTHER EQUATIONS all state simply 0 » 0, in which case they can be 
dropped, or at least one of the OTHER EQUATIONS is an obvious contradiction. 
Since the system of equations (3) is equiv^^ent to the original system of 
equations, (3) can contain contradictions, ^•e*, state impossibilities, only if 
the original system of equations also states impossibilities, i*e., only if the 
original system. of equations simply has no solution. ' ^ 

Thus, if the OTHER EQUATIONS in (3) are not all simply 0-0,, perhaps 

repeated several times, then the original system of equations has no solution. 

Summarizing, we see that v?e have established the following result: 

V 
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Theoreitt 3^2 ♦ If the diagonal method described above is repeatedly applied 
to an arbitrary system of linear equations and carried through to the end^ then 
we arrive at one of these two situations: 

(a) at least one palpable contradiction of the form .0 « b, b being 
some nonzero number, so that the orginal system of equations has no solution;^ 

Q>) •^*equiv^,lent system of equations of the form 

X- + . linear terms in variable other than x 



^ + . linear terms in variable other than Xj^,.*.,Xj^ « h^y 

X2 + linear terms in variables other than x^t#.*,Xj^ » b^. 



K4) 



+ linear terms in variables other than x^>.**,Xj^ » b^. 

Let uS examine case (b) more carefully* dJhere a;?e two subcases: either (i) 
there are really no variables other Wian x^^, . * .,Xj^; or (ii) there really 'are 
variables other than x^,.*.>Xj^*' 

In case (i) our system of equations reduces to ^c^^ * *" h^,***^ 

s bj^, and the solution is unique. 

In case (ii), there are va^riables other than Xj^,.».,Xj^* Denote the vari— 
.ables other than. Xj^,...»Xj^ by the letters yi»y2* * * ''^n* n >1. We can 

transpose and write the system (4) of equations in the taxja. >■ 



(5) 



* 

» + c^yj^ + ^2^2 + ^2^n 

• • • • 



It is clear that this system of equations will be satisfied if we assign 

Ik * 

arbitrary values to the variables then determine the values of 

Xj^,.,..,Xj^ from (5). In this case, our solution evidently is not unique, as was 

■i S2 



i 
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illustrated in the table on page 152 . / « 
Siaanarizing, we have the following theorem: 



« 

Theorem 3-3 . Let a system of arbitrarily many linear equations in arbitrar- 
ily many variables be given, If the diagonal method is repeatedly appli^ to the 
given system of linear equations, and carried through to the^end, then we arriv^ 
at one o€ these th^ee situations; 

(a) at least one palpable contradiction of the form\o = b, b being 
some nonzero number, so that the original system of equations ha^no solution; 

(b) an equivalent system of 'the form » b^^, » ^2\* ***\ " \* 
one for each of the unknowns in the original system of equations, si? that there 



J.S a unique solution; 

(c) an equivalent system of the form 



bo + c^y^^ + d,y, + --^ + e^y^. 



2^2 



:(6) 



■ . ■ ■ . . ,,5 

the u?i|novms ol the initial system bei^^ Xj^,...,x^ and yi>"->y^* and not all 
coefficients of the y's different from 0, so that there is an infinitude of 
solutions, which are obtained by giving arbitrary values to the variables 
yj,»««»>yj^ ^^^^ determining the remaining vai-iables Xj^,...,x^ from the 

equations (6) . . 



Thus the question of solving systems of linear equations in arbitraT;ily 

4 • 

many unknowns is settled in all possible cases. 
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Exercises 3-6 ^ 

(a) List all possible conAgurations, as regards intersections, fo 
distinct planes • * • 

(b) List also the additignal possible configurations if the planes 
allowed to .be coincidetit^»^-^ 

Solv^ by the diagonal process: * 

X +• y + 2 - 6," 
X X + y + 22 « 7, 

y i 2 • 1 • » ^ 

li 

Find the solutions^ if ^y, of the system of equations 

Zv+x+y+z^O,. 

V — X + 2y + 2 « 0, 

4v — X + 5y + 32 « 1> * r. 

* * ^ 

V — x^^ y ^ 2 ^ 2, 

Find the solutions, if any, of the system of equations ; 

X + y + 2 « 1, 

' -X - . y - 2»: « 0, . 

. X + 2y + 3z - 1, ^ . . 

3x — y - 52 * 1 . / 

Find the solutions, if any,* of the system of equations 

V + 2x + y -i- 2 »* 0, 
-v+x + 2y+2=»0, 
— V d- 4x + 5y + 32 " 1. 

Find the solutions, if any, of the system of equaytions 

v+x+y+2»^l, " , 

V- — x — y + 2 « 2, 

\ V + 2x y .+ 2z. « 0, 

I J* , 

V — 3x — 3y 72 * 4^ 
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Chapter 4 

. " REPRESENTATION OF COLUMN jMATRICES AS GEOMETRIC VECTORS 

. • . f 

4-1. "ihe Algebra of Vectors 

In the pfresent chapter, we shall develop a simple geometric representation 

for a special class of matrices — namely, t±ie set of colimm matrices j^^^ with 

two entries each. ^ The familiar algebraic operations on this set of matrices will 

be* reviewed and also given geometric interpretation, which will lead to a deeper 

* 4 • - 

t ^ 

Understanding of the meaning and implications of the algebraic concepts. 

By definition, a column vector of order 2 is a 2X1 matrix. Consequently, 
using the rules of Chapter 1^ you can add two such vectors or multiply any one 
of them by a fxumber* The set of column vectors of order 2 Has, in fact> an 
algebraic structure whose properties were largely eiqjlored in your study of the 
rules .of operation with matrices. In the following pair of theorems, we stim-* 
marize what you already know of the algebra of these vectors, and in the next 
section we shall begin the interpretation of that algebra in georaa^tric terms. 

Theorem 4—1. Let V and^ W be column vectors of order 2 and let A be. 
a square matrix of order *2. Let r be a number* Then 

\ ' • ■ 

V + W, rV, and AV 

are each column vectors of order ^ 2* ^ 

Theorem 4--2 • Let V, W, and U be column vectors' of order 2, and let 

if and B be square matrices of order 2* Let r and s be numbers* Then all 
•the following laws are valid » / * 

I. Laws for the addition of vectors : > . ^ 

(a) V + w = w + V, 

- 159 
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(b> (V + W) + U = V + (W + U) , 

(c) V-hO^^.^V," 

(d) V + (-V) ' 0^^^, 

♦ 

II. Laws for the nximerical multiplication of vectors: 

i ' '' ^ 

(a) r(V + W) « rV + rW, 

>' » . . 

(b) r(sV) = Xrs)Y, 

(c) (r + 8)V - rV + sV. 

(d) ov-o^^^. 

(e) IV - V, • 
III. Laws for the multiplication of vectors by matrices: 

f 

(a) A(V + W) » AV + AW. 

(b) (A + B)V =• AV + BV, 

(c) A(BV) - {AB)V, 

(e) IV = V. 

(f) A(rV) « (rA)V - r(AV) • 

V 

In reading Theorm 4— recall that ©2X1 column vector of order 

2, and 0^ the square matrix of order- 2, all of whose entries are 0. 

Both of the preceding theorems have already been proved for matrices ♦ Since 
vectors are merely special types of matrices, the theorems as stated must like- 
vise be true. They would also be true, of course, if 2 were replaced by 3, 
or by a general n, throughout > with the understanding that a column vector of 
order n is a matrix of order n X 1» 
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Exercises 4—1 



Let 









r 1 




3 


, w « 




V = 


4 


1 











, and U » 



2 



let 



3 0 
2 -1 



and B » 



1 1 

-2 1 
u 



; and 



let r « 2 and s « ~ Ij Verify each otf the laws stated in Theorem 4-2 for 
this choice of values for the variables. 

2. Determine the vector V such that ~ AW » AW + BW» where 



5 1 
4 -2 



W 



and B 



1 0 
-4 2 



3. Detenn3.ne the vector V such that 2V + 2W ■ AV + BV» if 



W 



1 2 
-1 1 



and B » 



-1 -2 



4, Find V, if 



2/3 -1/3 
-1/3 2/3 



B « / 



2 1 
1 2 



, and A(3V) - A(BV) 



5. Let 



Evaluate 

(a) A 



^1 ^2 



^21 ^22 



and (b) A 



(c) Using your answers to parts (a) and (b), determine the entries of A 
if, for every vector V of order 2, 



AV » 0 



2X1* 



(d) State your result as a theorem. 
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6. Restate the theorem obtained in Exercise 5 if A is a square matrix of J 
order n and V stands for any column vector of order n. Prove the n^w 

theorem for n « 3* Try to prove the theorem for *all xx. 

J 

1 . ^Using your answers to parts (a) and (b) of Exercise 5, determine the entries 
of A if> for every vector V of order 2, ' 

^State your result as a theorem. 

8. Restate the theorem obtained in Exercise 7 if A is a square matrix of order 
n and V stands for any column vector of order n. Prove this theorem for 
n ■ 3. Try to prove the theorem for all n. 



9. Theorems 4-1 and 4-2 summarize the proper'ties of the algebra of column 
' vectors with n entries. State two analogous theorems sunanarizing the 
properties of the algebra of row vectors with n entries. Show that the 

t 

two algebraic structures are isomorphic. 

4— 2. Vectors and Directed Line Segments 

In graphing functions and relationships » you discovered the great advantage 
in having a simple numerical language to describe the location of a point in a 
plane • You remember that an ordered pair of real numbers constitutes the co- 
ordinates of any given point in the plane. But that same ordered pair of numbers 
can be regarded as a row vector or as a column vector. 

Thus, ih Figure 4-1 the point P that is 3 units to the left of the^ y 
axis and 4 units abovd the x axis is represented by the pair of numbers (-3,4). 
However^ that same number coupie^^ written [j3 4^ , is simply a row vector; 



written 



-3 
4 



, it is a colimm vector ♦ Consequently, a row or folumn vector 



with two entries (or components), ju vj or 



, can be represented geo— 



u 

V 

L J 

metrically by %hB point P:(Uj^v) in a given rectangular coordinate plane 
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It is often mor& useful > though^ to think of the row or coluinn lector as 
being represented by the directed line segment from 0 to P. We denote this 
directed line segment by the symbol: OP . Thus, the row or column vector is 
represented by a geometric quantity having length and direction ♦ We shall call 
this geometric quantity a geometric vector. 




Figure 4— 1* A geometric vector. 

In Figure 4-1, the directed line segment or geometric vector OP is 
pictured by the arrow drawn from 0 to P. 

The length of OP is easily calculated by using t;he Pythagorean Theorem. 
For the point P: (--3,4), the length of OP is 



-J (-3)^ + - 



16 - 5. 
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One way of specifying the direction of OP is simply to say that its 

direction is that of the ray issuing from the origin and passing through (—3,4). 

It is mdch more useful, however, to indicate the direction of the ray hy giving 

the cosine and sine of the angle having the ray as terminal side and the 

positive X axis as initial side. Thus, the direction is specified by the numbers 

—3/5 and 4/3. You can verify the correctness of these numbers by recalling that 

the cosine and sine of an angle in standard position, that is, an angle placed 

in the coordinate plane so that its initial side is the positive x axis and its 

terminal side is the ray that issues from the origin and passes through another 

point (Xj^, yj^)> given by the respective formulas 

V 



— and — ■ 

Ik 

Regarding these numbers -3/5 and 4/5, it is worth while noticing thit -3/5 
is the cosine of the angle that OP forms with the positive x axis and 4/5 is 
the cosine of the angle that OP forms with the positive y axis; consequently, 
these numbers are called the "direction cosines" of OP* (Can -you tell why the 
slope of OP, i.e., the number -4/3, will not specify the direction of the line 
segment from 0 to P?) ^ 

In general, the column vector 

V- [" 

v 

is represented by the directed line segment OP from the origin to the point 
P:(u,v) . The length of is called the length or the norm of V. Using the 

symbol I IV! I to stand for the norm of V, we have 



iVI 



Hi 2 



\hus, if not both u and are zero, the direction cosines of OP are 



TmT ^^"^^ I IVI 



respectively. \ 
Similar statements could be made concerning the row vector > 
for the present we shall consider only column vectors and the corresponding 
geometric vectors* Hereafter, the term "vector" will be used to mean "column 
vector*" 



^ We shall call «^ 



the zero vector or the null vector. It will be 



regarded as being represented by a geometric vector of length zero to which no 
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,^Thus, a one- 



unique direction is assigned. For the sake of convenience, however, we shall 
say that the zero vector is directed and that it has the same direction as any 
and e-lpbr other vector. 

Consequently, each vector " determines a unique directed line segment 
issuing from the origin of a given rectangular coordinate system. Conversely, 
''eac^ such directed line segment determines a unique vector 
to-one correspondence has been set up between the set of column vectors having 
two real-number entries and the set of directed line segments lying in a Cartesian 
coordinate plane and issuing from, the origih. In the next section, we shall dis- 
cover ah interpretation of .the algebraic operations on vectors* in terms of geo- 
metric operations on directed line segments. 

The association betiyeen vectors and directed line segments introduced in 
this section is as applicable to 3-dimensional space as it is ta the 2-dimensional 
plane. -The only difference is that a directed line segment in S-dimensional space 
will -represent a vector of order 3, not a vector of order 2. 



V 



Exercises 4—2 



1, Of the following pairs of vectors, 
(a) 
(b) 
(c) 



(^) 



(e) 



1 




~3~ 






^1 




3 


J 


















6 


! 




■"1 




"o 






1 












•"o" 






1 




0 


1 










-2 


> 


-5 





(f) 
(g) 

(h) 
(i) 
(i) 









12 




12 


% 


_ 5 




1 


— — 

2 


-3^/2 






r- 


8~ 




16 




15 




30 




~l" 








5 




1 








~3t~ 




4 




4t 



which have the same length? Which have the same direction? 



2. Let V « t 



. Draw the arrows repi^senting V for 
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3. 
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1 



- 1, t » 2, t • 3» t « - 1, *t « - 2, and t = - 3. 



In each case, compute the length and direction cosines of V. 

In a rectangular coordinate plane, draw the directed line segments repre— 
senting the members of each of the following sets of vectors • Use a dif- 
ferent coordinate plane for each set of vectors* Find the length and 
direction cosines of each"" vector: 



Ca) 
(b) 
(c) 
(d) 
(e) 

Let V = 



1~ 




~0~ 




0 


t 


1 








3 






> 


2 




"l" 








_0_ 


> 


2 




'2"" 




3 




3 




-1_ 








~1 




-4 


* 

* 


2 





and 



and 



and 



and 



and 



1 

0 



' [-5] , 

* [-;] ■ 



2 
3 

5 
-4 



. Draw the line segments representing V for x « 1, ^ 
K 2» X 3, X « 1, X ^ — 2p and x » — 3v In each case^ compute 
the length and direction cosines of V* 





X 




"1" 




0 


at 


J- 


« t 


m 




b 



Draw the line segments representing if t = 0,+;l,+2, and 




b 0; 
b « I; 



(c) m = — 1/2, b 5= 3 * 

Is * 



In each case» verify that the corresponding set of five points (x,y) lies 
on a line« 

6. Two vectors are called collinear provided the geometric vectors representing 



them lie on the same line through th^^rigin. * If A and B 



are nonzero 
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collinear vectors, determine the two possible relationships between the 
direction cosines of A sj^d the direction cosines of 

ermine all the vectors of the form I I that are collinear with 



(a) 
(b) 
(c) 
(d) 
(e) 



2 






L 


> 






* 




-1 






_3_ 












5 




10 


f 












~3" 


-5 




1 












^ 


o" 






3 


• 





Hi 



4-3 . Geo metrical Interpretation of the Multiplication of a Vector by a Number 

The geometrical significance of the multiplication of a vector by a number 
is readily guessed on compaiilng the geometrical representations' of the vectors 
V, 2V, and -2V for • 



By definition. 



V M 



. 

-3 

4 



2V 



-6 
8 



while 



-2V = 



6 
-8 



Thus, as you can see in Figures 4—2 and 4—3", the arrows representing V and 

2V have the same direiction, while ^2V is represented by an arrow pointing in 

m 

the opposite direction. The length of the arrow associated with V is 5, while 
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Figure 4— 2. The product of 
a vector and a positive number • 



Figure 4-3 • The product of ^ 
a vector and* a negative number. 



^ the arrowy representing 2V and -2V each have length 10* Thus, multiplying 

♦ 

V by 2^ produced a stretching of the associated geometric vector to twice its 
original length while leaving its direction ^unchanged, >fultiplication by '—2 
not only doubled the length of the arrow but also reversed its dir^dtion. 
These observations lead us to formulate the following theorem* 

/ ■ . ■ ' 

Theorem 4-^3* Let the directed line segment OP represent the vector V 
and let r be a number* Then^the vector rV is represented by a directed line 
segment whose length is Irl times the length of OP. If f > 0, the repre- 
sentative of rV has the s*aine direction as OP; if r < 0, the direction of 
the representative of r^. is opposite to that of 0P» 



Proof/ Let V be the vector * 



Then 



iV! I = y/yJ+V^ • 



Now, 



rV 



ru 
rv 



hence. 
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irVli » V^(ni)^ + (rv)' 
/2. 2 2. 



Irl 



/2~ri 



Irl IIVII. 



proves the first part of the theorem. 
If 



r « 0 or V » 



the second part' of the theorem is certainly true. 
If 



r ft 0 and V 



the direction cdsines of OP are 



u 



and 



IIVII * 



while those of the representative of rV are 



ru 



!VI 



and 



rv 



IVI 



If . r > Oj we have Irl r> ^whence it follows that the arrows associated with 

V and rV have the same direction cosines and^ therefore, the same direction* 

If r < 0, we have It! >» — r^ and the direction cosines of the arrow associ-- 

ated with rV ar$^ the negatives of those of OP* Thus> the directi^^n of the 
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representative of rV is opposite to that of OP. This completes the proof of 
the theorem. 

One way of seating part of the theorem just proved is to aay that if r '^Is 
a number and V is a vector, then V and rV are collinear vectors; that is, 
they are represented by arrows lying on the same line through the origin • On the 
other hand> if the arrows representing t\^ vectors are collinear, it is easy to 
show that you can always express one of the vectors as the product of the other 
vector by a suitably chosen number. Thus, by checking direction cosines, it is^ 
easy to verify that ^ \ 



[-2] • [-2I] ■ 



and 



-10 
4 



are cdllinear vectors, and that 



[A: 



10 



5 
-2 



while 



[-r- [J] • 



J, In the exercises that follow, you will be asked to show why the general Iresult 
illustrated by this example holds true. '^ 
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Exercises 4^3 



Let L be the set of all vectors collinear with the vector 



Fijll 



in the following blanks so as to produce in each case a true statement: 



(a) 



(b) 



(c) 



9 



(f) for every real number t. 



-2/3 



(g) for every real number t, 



8t 



-12t 



(h) for every real number h 0, 



I 



p. 
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3. 



4. 



Verify graphically and prove algebraically that the vectors in each of the 
following pairs are collinear. In each cape, express the first vector as 

* 

the product of the secottd vector by a number: 



(a) 



(d) 
(e) 
(f) 




Let V be a vector and W a nonzero vector such that V and W are col- 
linear. Prove that there exists a real ntaaber r such that 



V « rW. 



5. Prove: 



(a) If rV 



(b) If rV 



0 



^ and r 0, then V 



and V ^ 



then r » 0 



6. Show that the vector V + rV has the same direction as V- if r > - 1, 
and the opposite direction to V if r < — 1. Show also that 



I !V + rVI I = I IVI I 11 + rU 



I 
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4-4. Geometrical I nterpretation of the Addition of Two Vectors 

The addition of two vectors has a geometric interpretation that is somewhat 

iess obvious than that for the multiplication of a vector b^ a number: 
If 



and W « 



.then V + W 



1 
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It is evident from Figu& 4-4^ that V + W is represented by the diagonal dravm 
from the origin to the fourth vertex of' the parallelogram (actually, the rec- 



tangle), three of ^hose vertices are'Cl, 0), (0, 0), and (0, 1) . 

t y 



\ 



w ' 




V + w 



Figure 4-4. The addition of the 



vectors 



0 
: 1 



i 






\ 




V 

^ ' 1^. TJ ^ 


0 


+ w 




w 



Figure 4-5. The addition of jthe 



vectors \ 



and 



3 
-1 



I£ 



V = 



and W « 



3 
-1 



then V + W » 
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Looking at th^ representa>tions pf these three vectors in FigtJ^|j|. 4-5> we see that 
V + W this time is represented by the diagonal drawn from the 'origin to the 
foij^h vertex of the parallelogram having (3, -l)j^O, 0), and (2, 1) as three 
of its vertices. 

*Thc pattfem common to our two examples certainly suggests that the addition 

of vectors corresponds to a kind of parallelogram rule for -adding directed line 

segments. If the pattern holds in general, then V + W is represented by the 

i 

diagonal from the origin in the parallelogram having, as adjacent sides, the 
geometric vectors representing V and 

A simple way to cox^fffFuct that diagonal is indicated in Figure 4—6. If 

OP represents V and OT represents W, construct the line segment PR 
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i 

ft 


T 

I 


o\ 








t 













N 



^ FigXjre .Construction fpr vector addition « 

. having the same length and direction as OT. Then ^OR represents V 

This method of constructing the representative of V + W has the advantage 
of being applicable even wl^jen V an^ W ix^ collinear vectors. Our bnly ^ 
pr<jblem da to v^ri^ that the construction actually does yield the representa- 
tive of V + W, whatever choice is made for V and W. Let 

^ and W ^ 
v s 



Then 



V + W 



u + r 
V + s 



If ' V • and W are not collinear, "the points (0, 0), (u, v) and (r, s) are 

dtjgtinct and constitute- the li^ertices of a parallelogram; see Figure 4—7^. • 
«■■'■., ■ ' * . • 

To show thg^ the fourth vert^ of that parallelogram is the point (u + r, v + s), 

you ne^d merely sho;;? that the line segment joing (0, 0) and (?, s) hSs the same 

length as the line segment joing (u» v) and (u + r, v + s), and similarly t^ha.t 

the'litie segment joing <b,6) and (u, v) has the same, length ^ the line segment' 

fing (r, s) ,and (u + r, f b\. Comj)lqeing this ai;gument is just an exerc^ise 
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\ 





R:(u+r, v+s) 


' y 




^ \ 


* 




<L v+wY 












0 


X 


▼ 







Figure ^1 • The addition of lioncollinear vectors, 

and 



in using the distance formula « 

If V and W are collinear, the construction of the proposed representative 
of V + W is indicated in Figures 4-8 and 4^. It is easy to verify ^that in 




4 y 




Figure 4-8. The additidij^f col- 
linear vectors in the sampdirection. 

both cases we have the algebraic equalities 

' ON - OM + MN' 



Figure 4-9. The "Addition of collinear 
vectors in opposite directions. " - 



h 



1 

• u 



+ r. 



and 
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NR • NK -H KR 
» V + s • 

The details of the proof will be left us kn exercise for the student* 
We state the result fonsially as a theorem^ \ » 

* . . . . . . ■ 

Theorem 4-4. If the vectors V and W are represented by the directed 
line segments OP and OX, respectively, then V + W is represented by OR, 
where PR. is the] directed line ^gment having the same length and direction as 

OTv .« ■ ■ - * » ^ ' . 

• - ■ * it ■ ^ . " r ■ » 

Since V - W ° V + (-W), the I>perdti6n of subtraiiting one vector from- 
another offers po essentially new geometric idea. Figiure 4-10 illustrates the 
construction of the ^^ometric veqtor representing V — W. It is useful to note. 



0 



however, that since 



r 



i*i.v - wi I 



.""fill T Vin - r>^ + (v - 8)^, 



the length of the vector V - W equals the distajrce between the points^ 
P: (u, v) and T: (r^ s>. ^ 





T:(r, s) - . 


\ 




' 0 


/ ' / 


v) 


• % 

** 


^ ' / 

-w /\ 

f 


^ IT 

S:(u-r, v-s) 

• 


i. 




- 


\ 

% 






-T:(-r,, -s) 









Figure 4H10. Thb subtraction of vectors^ 







u 








V 









,]■ 
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gxercises 4-4 



i» Determine graphically the sxjm and differences of the following pairs of 



vectors. Does order matter in constructing the B\ml the difference? 



(a) 
(b) 
(c) 



'f 




~7" 


4 

3^ 


> 


1 

_ -? 
-5~ 




9 


_ 2 


7" 




-2 


_2 




-3_ 



(O 



— — « 

3 
6 


2 


-1 
_ 2 


7~ 




-2 


4 




-3 








3~ 




r 


-2 


1 


0 



2/ Illustrate graphically the associative law: 

(V + W) + U » V + (W + U) . 
^3. Couipute each o£ the fpllowing graphically: 



(a) 


3" 
_7_ 


+ 


2 
-1 




X 


(b) 


~4~ 
-2 


+ 

» 


-3 


+ 


-1 

_0_ 


• 

, V (C) 


"5" 
_2_ 


+ 


1 


+ 


"4" 

_1_ 




1 


+ 


0^ 
1 


+ 


2 
3 



4. State the geoinett;ic significance bf the following. equations: 



(a) V + W » 

(b) V + W + U 



0 
0 



(c) V + W + U +-T - 
5. Complet^, the proof of both parts of Theorem 4-4 
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4--5.' The Inner -Product of Two" Vectors 

>• 

Thus far in our development, we have investigated a geometrical interpre- 
tation for the algebra of vectors. We have established a one-to-one correspond- 
ence between the set of column vectors having two entries and the set of directed 
line segments from the origin of ^coordinate plane. The algebraic operations 
of addition of two .vectors and of multiplication of a vector by a number have 
acquired geometrical significance. 

But we can also reverse our point of view and see that the geometry of 
vectors can lead us to the consideration of additional algebraic structure. 

For instance, if you look at the pair of arrows drawn in Figure 4-11, you . 



W 



* 0 




1^ 



Figure 4—11. Perpendicular vectors. ... * ^ 

will very likely comment that they appear to be mutually perpendicular. You 
have begun to. talk about the angle between the pair of arrows. 

Let us suppose, in general, that the points P, with coordinates (a,b), and 
R, with coordinates (c,d), are the terminal points of two geometric vecto^s^ 
Consider the angle POR, which we denote by the -Greek letter e (theta), 'in the ' 
triangle POR of Figure 4-12. • ' 

* ■ • 

. It is very easy to compute the cosine of 0 by applying the law of cosines 
to the triangle POR. If lOPI, lORl, and !PR1, are the -lengths of the sides- 
of the triangle, then -by the law of cosines we have * . ^ 

21 OP I I OR I cos e - lOPI^ + l OR^"^ - IPRI^. 
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y 






P:<a, b) 

--ri^: — 


« 

R:(c, d) 




y 

y 

y 



Figure ^12. The angle between two vectors 



lOPI 



lORI. 



/ 2 ^ ,2 



Thus , 

2( VaT 



( 



Vc^ +. d^) cos e - (a^ + b^) + (c^ + d^) - {(a-c)^ + (b^)^) 

5« 2(ac + bd) ^ 



Hence, 



lOPl lORl cos e « ac + bd. 



<1) 



The number on tha^ right--hand side of this equation, although clearly a function 
of the two vector^, has not heretofore appeared explicitly. Let us give it a. 
name apd introduce, thereby, a new binary operation for vectors. 



Definition 4—2. The inner produpt of the Vectors 



and 



written 



a 


m 


c 


A 




d 
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\ 



is. 
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is the algebraic sum of the products of corresponding entries • Symbolically > 



a 
b 



ac + bd. 



Vte can s 
ac + bd* 



Imilarly define the inner product of two row vectors: |^a ^J^^j^^ ^ 



Another name for the inner product of two vectors is the *'dot product'* of 
the vectors. You notice that the inner product of a pair .vectors' is simply a 
number > In Chapter I, you met the product of a roj^ vector by a column vector: 



say 



imes 



c 
d 



and found that 



Jac + bd 



the product being a I Xvtaatrix. As you cait observe^ these two kinds of products 

and 



are closely related; for, if V and W a;ce the respective vectors 
we have V** » [f 

V^W^ j^ac + bdj [v • • 



Later we shall exploit this close connection between the two products in order 

to deduce ^the algebraic properties of the inner product from the known properties 

of the matri%c pxodtict. 

Using the notion of the inner product and the formula* (I)* obtained above, 

\ 

we can estate another theorem. We shall speak of the cosine of the angle IncludecJ^ 
between two vectors, although we realize that we are actually referring to an 
angle between the associated directed line segments. 
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Theorem 4— 5» The inner product of t*o vectors equals the prodt^ct of the 
lengths of the'^ vectors by the cosine of their included'^ngle ^ Sypboljkrally , 



180 



V • w « I ivi 1 I iwi I COS e, 



where 6 is the angle between , the vectors V and W. 



linear vectors to be 0*^ or 180° acfcording as the vectors have 



' The theorem has been proved in the case in which V and W are not col- 
linear vectors. If we agree to take the measure of the angle between two col- 
same or Op- 
posite directions, the result still holds. Indeed, as you may recall, the law 
of cosines on which the l^urden of the proof rests Remains valid even when the 



three vertices of the "triangle" POR are collinear (Figures. 4-13 and 4-14). 





R 




Figure 4—13. Coll%n:ear vectors 
in the same direction. 



Figure 4—14. Collinear vectors 
in opposite directions. 



Corollary A-5-1. The telationship 



V • V = 



iVI I' 



h6lds for every vector • V. 



^The corollary follows, at once from Theorem 4-5 by taking V = W, in which 
case 9 = 0. Ta be sure, the result also follows immediately from the facts 



' Jthat, for any vector V 



we have 



■ ' V •V =f * + b^, while MVI I « V^a + b . 
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We have examined a geometrical facet of th^ inner product of two vectors » 

but let us now look at some of its algebraic properties ♦ Does it satisfy com- 

mutative, associative, or other algebraic laws you have met in studying number 

system^? j 
> 

It is easy 'to show that the coisfflciutative law holds, that is/^ 

V • W = W mV. 

For if V and W ^re any pairs af 2X1 matic:J.ces, a computationNhows that 

V^W » W^/, , 



Bu^ 



Hence 



V^W = •wj > while W*^V ^ [^W •vj • 



V • W = W • V* 



It is equally easy to show that the associative law cannot hold for inner 
products • Indeed, the pxjo ducts V*(W»U) an4 (V • W) • U are meaningless . To. 
evaluate *V#(W*U), for example;^, you are^asked to find the inner product of 
the vector V with the number W«U^ But the inner product is defined for two 
row vectors or two column vectors and not for a vector and a number • Incidentally, 
you are cautioned not to confuse thcproduct V(W*U) Hith the meaningless 
V*(W#U). The former product has meaning, for it is the product of the vector 
V by the number W*U^ 

In the exercises that follow, yoo^will be asked to consider 3ome of the 

T 

other possible properties of the inner product. In particular, you;w*i,i'l be asked 
to prove the following theorem, the first pa^Jt of which was proved above. 



Theorem 4—6. 'If V, W, and U are column vectors of order 2, and r is 



a real number, then 



\ 
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(a) V • W == W -V, 

(b) . (rV) • W = r(V • W) > 



(c) V ©(W + U) » V'» W + V«U, ^ 

(d) V • V > 0 ; and 

(e) if V5(iv>=0, then V = 



Exercisers 4—5 



1* Compute the cosines of the angle determined by the arrows representing the 
two vectors in each of the foUowing^pairs: ^ 



(a) 
(b) 
(c) 



3 

l" 
-1 



[1]- 



3 




1 




— — 

0 




_1_ 




6 






> 


3 









(e) 
(f) 
(g) 
(h) 



-6^ 




2 




_ 1 


y 




> 






0 










*■ iK 


2 




[i: 




_5_ 


> 






2t"' 






I- 











1 



Let 



In which cases, if any» are the arrows perpendicular.? In whioh cases > if 
any, are the arrows col linear? 



^1 = 



and 7^ 



.0 



Show that, for evejry nonzero vector V, 



. V • E 



I 



iVI 



and 



2 



are the dii^ection cosines of V, 



* 4 



3. (a) Prove that two vectors V ^d W are collinear if and only if 
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V • W = + 1 [Vi I MWI I . 
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Explain the significance of the sign of the rightHhand side of this equation. 

(b) Prove that 

and write this inequality in terms of the entries of V and 

(c) Shov also that V • W < I IVI I I IWM . 

4. Two vectors V and W are ^aid to be orthogonal if the arrows representing 

\ „ • • ■ 

V and W are perpendicular to each other. The zero vector is said to be 

orthogonal to every vector* Prove that V and W are orthogonal if and 

* only if 

5^ Fill in the blanks in the following statements so as to make the resulting 



sentences true: 

(a) The' vectors 

(b) The vectors 

(c) The vectors 



\ 



(d) The vectors 



2 
4 

'l~ 

3 

4" 

-18 

3 



and 



.and 



and 



and' 



-6 



1^3- 



12 



are collinear.^ 
are orthogonal* 



are 



Are collinear* 



(e) For every positive real number t> the vectors 



3t 
2t 



and 



ace orthogonal . 



(-fr^ For every negative real number t, the vectors 

\ 

and 



s 



3t 
2t 



are orthogonal 



6. Verify that parts (a) - (d) of Theorem 4-6 are true if, 



4 \ 
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V 



7 . Prove Theorem 4f— 6 



8 



5 


* 


~ 2" 


. V - 


-2 










_ 3_ 


> 



and r = 4 



(a) by using the definition of the inner product of two vectors; 

(b) by using the fact that the matrix product V^>f, satisfies the 
equation 



Prove that I | V + Wl I = (V + wy • (V + W) « I I VI I + 2 V •« + I IWl I for 



every pair of vectors V and W. \ 

9. Show*that, in each of the following sets of vectors, V and W are , 
orthogonal, V and T are collinear, and T and W are orthogonal: 



1 

~2 



T = 



■4 

8 



(a) V » 

(b) V = 

Do the same relationships hold for the set 



2 
3 



14 

21 



W 



W 



-6 
-3 

-3 

2 



V » * 



w 



VlO. Let V be a nonzero vector. Suppose that W and V are orthogonal,, while 
"^x^ .T and V are collinear. Show that W and T are then orthogonal. 

11 • Show that> for every set of real numbers r, s» and t, the vectors 

ar^ orthogonal • 



and t 



— s 
r 



< • ^ \ 

, where V is not the sero vector. Show that if' W and V 



12. Let V = ' 

are orthogonal, there exists a real number t such that 
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W « t 



u 



-i 



\ 



13. Show that the vectors V and W are orthogonal if and only if 



2 2 
iV + Wl I - i IV - W! I = 0. 



14 • Show that if A 



and B 



c 
d 



theti^ 



llAll^ I IBl 1^ ~ (A»B)^ « (ad - bc)^* 



15 • Show that the vectors V and W are orthogonal if and only if 
^ I ^ (V + W) • ( + W) « V • V + W • W- 



16 • Show that the equation 



(V + W) • (V - W) « V • V - W • W. 



holds for all vectors V and 



17 • Show that the inequality 



V 



\ 



I IV + Wl I < 1 1 VI I +.i iwn 



holds' for all vectors V and W. 
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V 



4-^^ An Area and a Determinant^ • ^ ^ ^ * 

Before living the basic properties of our geometrical interpretation for 
vectors, let us look at one more bit cft^^eometry^ In Section 4-^, we saw that 
two noncollinear vectors determitie a parallelogram. That is, If 



.tje a parallelogram. 



A - and B 



are two 4ioncol linear vectors, thenthe points P(a, b) , 0:(0,0), R:(c,d) and 
S:(a + c, b + d) , are the vertices of a parallelogram (^Figure 4-]^,) A reason- 
able question to ask, i,s: How\ can we determine the area of the parallelogram PORS?" 
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• 


y 

■X. 








A ^.^"^ / 


0 


^ T ■ / ' — " — ifc 




/ / 




^ ^^S:(a+c, b+<i) 


B / 




R:(c, d) 


^^ r 



Figure 4^15. A parallelogram determined by vectors. 

As you recall, the area of a parallelograny£^quals the product of the? lengths 
of its base and its altitude. Thus, in Figure ^16, the area 6£ the paralielo— 
gram KLM8L is b^^h, where b^^ is the length ^ side NM and h is the length* 
of the altitude KD. L 




M ^. - 



Figure 4^16. ^Determination of the area a j|arallelogram. 



But if b is the length of side NK> and 9 is the measure of either' 



an; 



igi^ NKL or angle KNM, we have 

h « 



b^ I sin 91 



Hence, the a:rea of the parallelogram ^uals t)^b^ Isin 01 . 

# f 
Retuiming to Figure 4—15 and letting e be the angle between the vectors 
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A' and B, we can now say that if G is the area of parallelogram* FORS, then 

i9:.-> 



4 



} 



87 



Now 



2 2 
sin e - 1 - cos 0. 



It follows from Theorem 4-5 that 



cos © « 



(A*B)- 



2 2 *• 

lAI I .1 IBl I 



therefore, 



2 

sin 0 



— ^ — »^ , 



Thus,*' we have 



- I lAy-^ HBl'l^ r (A»B^^. 



'It follows .from- the result of . .Exercise 14^of the preceding section that 



1 2 



Therefore, 



GK « tad - be I . 



But ad - be is. the :>alue of the determinant &(p), "whera D is ^the 



matrix 
theorem. 



a c 
b d 



For easy reference, let us w^ite our result in the form of « 



\ 



theorem 4-6. The- area of the parallelogram determined "by the vectors 



and 



equals 16(D) where • D 



a c 
b d* 



a 
b 



Corollary The vectors 

r- ' 



a 
b 



and 

4 



are colllnear if and only 



if;,5(D)-^0» ' 

The argument proving the corollary is left as an exercise for the reader. 



\ 



You notice ^that we have been led to the determinant of a 2^2 matrix in 
• ■ 

examinihg a geometrical interpretation of vectors. The role of matrices in this 




atilc^n will be further investigated in Chapter 5'. 



• . - . • Exercises 4-6^ ^ 

1. Let OP- represent the vector A» and OT the vectgr B 
area of triangle TOP if • . - 



4 



Deteniine the 



(a) A 
<b) A 

(c) .A 



5 
1 

-1 
4 

1 

2 



B 



B 



B 



2. Compute the area of the triangle with vertices: 
' (a) (0,0), (1,3), and (^3,1); 
(b) (0,0). (5, 2),*. and (-IO,-vi); 



\ 



(c) (1,0), (0,1), and (2;3); 



(d) * (1,'iy. (2/2), and (0,5); 

(e) (1,2). (:-T,3), aifvd (1*.0). 



4—7. The Interplay between Algebra .and Geometry; Vector Analysis 



In this chapter, we have 



cib^elci 



loped a geometrical representation^ — namely. 



directed line segments — fqr 2X1 matrices, or* column vectors. Guided by t 



tj>e 



definition of the algebraic operation of addition of vectors, we have found the 
•'parallelogram law of addition*^ of directed line segments. The multiplication of 
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a vector by a number ^as been representedCfcy the expansic^ or contraction of the 
correspondln^dlrected line segment by a factor ^qual to the number^ \«ith the 



sign of *the|factor deterijjining whether or not the direction of the line segment 
is reversed • 5lius, from a J^t of algebraic elements we have produced a set of 
geometric elements* Geometrical observations in turn led us back to additional 
algebraic concepts • . > 

This interplay between algebra and geometi;y, however, is ftot merely/an intex>j 
esting intellectual exercise* The mathematics of directed line segments Xo which> 
our algebra has led us forms the beginnings of a discipline called * Vector 
analysis/* which is an important tc^l ^jMclassical and 0K>depi ^hysics^ as well 
as in geometry ♦ The *'free** vectors that you meet in physics and use to represent 
forces. Velocities, and other concepts,, are close rel^^tives^ of our geonxetric 
vfectors, which are bound to the origin • The study in Which we are engaged^ con- 
sequently, is of vital iipportaijce for physicists* engineer^3, and other applied 
scientists, as well as for mathematicians. - - 



Chapter 5 , 4 . 

TRANSFORMATIONS OF T^E PLANE J 

5—1. Vector Spaces and Subspaces , i. 

You have discoverecl that one*of the most fundamental concepts in your 
Study of mathematics is the^ notion of function. In geometry, the function con- 
cept appears in the idea of transformation > It is the aim of this chapter to 
recall what we mean by a function » to define geometric trans formation^ and €0 



explore the role of matrices ip the study of a^ sigiiificant class tliQse# trans— 
formations* 



Let us useff the symbol H for the det of all real column vectors .of order 



2. ."^us, if /R is the set o^ real numbers ^ we have 




H 



f 



he set H together with the operations of addition of vectors and of multipld— 

cation of a vector by a re^l number is an ejcample of a type of algebraic -system. 

. ♦ ■ i " . . ■ 

called a vector space. 



Definition's-^!. Any set of elements is a vector ^pace over the set of 

real numbers provided the following conditions are satisfied: ^ 

The spa of any two elements of the set is also an element of the set. 

jphe product o^^^^ny el^ement of the ^set by a real number is also an 
element of the set. * 

The laws I and II of TheoiTem 4-1 hold. • 
» • « 

A simple example of A vector space over the real numbei^s is ^he .set of all 
linear and constant polynomials with real coefficients, that is, the set 
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|p I p(x) « ax +'b, a £ R and b e R J , 



where the addition^ is the usual addition of polynomials. 

Another vector space over R is th6 set of vectors collineap with 



that iSp the set 



r e R 



) 



This vector spa^e is contained in H. ^ It is called a subspace of H in ac^ 
cordance with the following definition. ' * ' 



definition 5—2. Afty nonempty* subset *F of H is a -subspace of H provid- 
ed"* (a) the sum of every pair of vectors of F is in F, and (b) each product ^ 
fi ■ ' . * 
of a vector i^ F with a real nuihber is in F. 

■ ■' . # 

You may wonder what subsets of H are subspaces ; First of all, to be a 
subspace> a given, subset F must contain at least one vector, say V. Further- 
more; F must also contain each of the products rV for real numbers r; that 
is, if is not the zero vector 'then F must contain every vector collinear 
with V. ^ In particular, the zero vector^ 



OV 



must belong to F.. Consequently, the following theorem is true: 



1 



Theor.em, 5— 1 ."^ Each subspace F of H contains all vectors (iollinear with 



any nonzero vector in F. In particular, *^ch subspace contains the z^ro vector. 

It is easy to see thi^t the set consisting only of the' ^ero vector is a 

I . ■ 

, subspace. It is also, simple to verify that the set of all vectors collinear 
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with any given nonzero veAor is a subspace. With a little more effort, you 
can show that subsets of these tvo types are the only subspaces of H, other 
than H itself • 



» 



Theorem 5-2.' Every subspace of ^ H consists ofj^xactly one of the follow- 
ing: the zero vector; the ^t of vectors collinear with a given nonzero vector; 
the space H itself • , 



r 



Proof • If F is a subspace containing only one vector, then 



since thf^ z^elro vector belongs to. every subspace* ^ 

V 

If F contains a nonzerp vector V; then F contains all the vectors 
rV for real ir. Accordingly, if all vectors of F are collinear with V, it 

t . ' ) T - • t . , 

follows that - * A ■ ' , 

' " F - ■{ rV i r e R } . ' 

But if F contains a vector W not collinear with V,^. we shall now prove 
that f is actually equal to H. 

Let the noncollinear vectors V and W in the subspace F be represented 
by the qoncollinear position vectors OP and OR, respectively • Let Z be 
any vector of ^ H, and let Z Se represented by OT* Since OP ai)d OR are 
not collinear, any line parallel to one of them must intersect the line con- . 

taining. the other • Draw the lines through X parallel to OP and OR, and 

r 

iet S and Q be the points in which these -lines intersect the lines con— 

- ■ - " ■ ■ ) ~ 

tainitig OR and OP, respectively; see Figure 5^-1 • Then ^ 

I ■ ^- ■ ' ■ ' 

OT =» OQ + OS. 



• 
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Figure 5-1. Representation of an arbitrary 
vector Z as a linear combination of a given 
pair of noncolltnear vectors V and W. 



But ,0Q is col linear- with OP and OS with OR. Therefore, real numbers a 



and exiSt ^uch that 




OQ « aOP .and OS » bOR.^ ^ 



Hence » 



Z « aV + bW 



CD 



Since F is a subspace, it contains aV» ^^^J'^iP'i their sum, Z. Thus, every 
vector Z of H must belong to F; ,thafc is, tf^ is a subset of F. But F is 
given to be a subset of H. Accordingly, F « H. 

Equation (1) could have been derived by^a purely algebraic argument. You 

i 

will be asked to give that argument below, in Exercise 5HL-^. 



Definition 5-3 > If a vector Z can be expressed in the form aV + bW^ 

► • 1 ' ' ' 

Inhere a and b are real numbers ana V ,and W are vectors > then Z is 



called a linear combination of . V and W. 



( ■ 



Thus, by Definitions 5-2 and 5^3, we have l:he following result: 



i99 



. . X95 

Theorem 5-3. A subspace F contains every linear combination of each paj!r 

^^^^^^^^^^^^^^^^^ * . ^ 

of vectors in ' • 



V 



Pijrther, in proving Theorem 5-2, we have incidentally established the use- 
ful fact stated in the following theorem: ^ 



Theorem 5-4 > Each vector of H can be expressed as a linear combination 
of each pair o| noncollinear vectors in !!• , ^ 



For example y to express 



as a linear combination of 



and 



we must determine real numbers a and b j3uch that 



4 
L3| 



4a - 3b 
3a + 4b' 




Thus» we must solv^ the set of equations 



r 



5 a -4a - 3b, 



10 = 3a + 4b. 



J 



V V. 



We readily find the unique solutioi^ a « 2 and b » 1; that :^s, we have 



o 
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If you observe that* the given vectors V and W in the foregoing example 

\ 

are orthogonal, that is, V •^W » 0 (see Exercise 4-3^4 on page 183), then a 
s^econd method of- solution might occur to ybu. For, if * . , 

^ * Z « aV + bW, 

then for the produrcts Z • and Z • W you hiye 

Z • V « a i IVI 1^ and Z • W » b I iWI 1^ . 



But' 



.Z • V - 50, Z • W 2'5» i IVI !^ « 25, and 1 tWI 1^ - 25. 



- Hence, 



> 



50 s 25a and 25 = 25b; 



thus. 



a « 2 ^nd b • 1 . 



It is worth noting that the representation of a vector Z as a linear 
combination of two given noncollinear vectors is unique; that is, if the vectors 
V and W are not collinear, then for each vector Z the coefficients a and 
b can be chosen in exactly one way (Exercise 5—1—14, belov^) so that 

Z « aV- + bW. " 



Tlje pair of noncollinear vectors V and W ^s called a basis for H, while 
the ordered paip of real numbers, a and b, are called the coordinates of Z 



relative to that basis • In the example above, we found that the vector 



has coordinates 2 an <yi rel ative to the basis 



and 



-3 

4 



5 
10 
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Exeraises 5-1 



Express each of the following vectors as linear, combinations 
'4 



and 



(a) 



(b) 



(c) 



, and illustrate your answers graphically: 



-2 
_ 1^ 

~ r 
-2 

^0 

~3 



f 



(d) 



(f) 



1 

0 

o" 
1 

V 
2 



(g) 



(h) 



i) 




Determine the coordinates of each of the vectors in parts Ca) through (i) 



of Exercise I relative to the basis 



2 
-1 



and 



•Express ^the vector 



0 
1 



u 

V 



as a linear combination of the basis 



; this basis is called the natural basig for 
Prove that the following set is a subspace of, H:. 




and 



Prove that> for any given vector W, the set {rW I r e R) is a subspace 



of H. 



' ^vqve that the set fff polynomials ax + bx + c, for real numbers a> b> 



knd is a vector space over the real numbers ♦ Find ytwo distinct sub- 



spaces ^ this vector space. 



For 



u 

V ; 



determine which of the following subsets of H are subspaces". 



(a) all V with 'u « 0,. 

|,(b) all V with v equal to 
an integer. 



(d) all" V with 2u - v =^ 0, 

(e) all V with u + v « 2, 
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^ (c) all V* with u rational. 



(f) all V vith uv = 0. 



8. Prove that F is a subspace of H if and only if F contains every 
linear, combination of two vectors in F. 



9. Give a purely algebraic proof of Theorem 5-2. 



10. Show that 



3 
I 



cannot be expressed as a linear comb in 

6 




[1] 



and 



-15 



of thej[ vectorar 



li. Describe the set of all linear combinations of two given col linear vectprs* 

12 • Let and F. be subspaces of H» Prove that thfe set F^ of all vectors 

belonging to both and F^, is also a swbspace. 

) ^ ^ \ 

13. In proving Theorem 5-2, we showed that if V ^and W are not collinear 

i 

vectors, then each vector of H can be expressed as a linear combination 
of V and W. Prove the converse: If each vector of H has a repre— 
• sentaticJn as a linear combination of V and W, then ^ V and W are not 
collinear. ^ 

14 • Prove that if V and W are not collinear, then the representation of 

"any vector 2 in the form aV + bW is unique; that is, the coefficients 

* '* 

a and b can be "thosen in e^ctly one way* j 

i 

15 • Use Equation (1) on page 142 to shov 6hat any vector 

5? 



\ 



u 

V 

w 



'^can be" expressed uniquely a linear combiiiation of trie basis vectors 



7^ 
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5-2 > Functions and Geometj^tc Trans forma tions ^ 

gi^Eoii recall that a funcition from a set A to. a set' B^.is a correspondence 
bet>^en the al^pnept-^ of tS^e^t^ sets such tlt&t with eacii element of A there is 
assj^^iated ^xabtly one^element of The 'set A |p the doxnain of the function 

and -^trUe^set is tlie range of the functipn- In your previous nwrk^ the"^ func— 
tions you/m&jt g^erally had sets df real numbers both for ^domain and for range # 
Thus 'the function, sjnnbolized in 'the form • - . ^ 

» X > X . , w . 

is likely to be interpreted as associating the real number , x with the non- 

« * 

negative real number x» Here you have a simple example of a "neal function*^ 
of a "real variable." * ^ , 

In Chapter 4^ however, you met a function V — > I Wl I having for ^^^^ 
domain |th^ vector sp^ce and for its range the set of nonnegative'.real ~" 

numbers ♦ In the present chapter, we shall consider functions that have tjjeir r 
range as well as their domain in H. Specifically, we want to find a geometric 
interpretation for. these ^Vector functions*^ of a '^vector vari!<^le''; this is a 
continuation of the discussion started pn page^l27» 

Such a vector function wiil associate, with ^the point P having coordinates 

\ — 

(x,y), a point ^P* , with coordinates (x*,y*)» In more vivid geometric language, 
we would say^that the function maps the point P onto the point P* . Or we may/ 
say that it^maps the geometric vector OP onto/the geofc^ric vector OP* . The / 



function can, therefore; be viewed as a process for trans forming^ or mapping 
the plane into itself; that is to say, /it is. a pro^cess that, associates with each 
point P of the plane some point <iP* 'N^f this plane. We shall call this process 
a transfomation of the plane into ^tself or a geometric transformation . As a 
matter of fact, these trans fo ma tioris are c^fteh called ''point traris formations'' 

/ » ' ! * 

( I 

in contrast to, more general mappings in which a |>oint may be carried into a 



l^ne*' a circle, qr some 6t]bi(^r" geometric configuratioij. For usj then/ a geometric 



tor 



traits E^»4ti£jn is a hel^&il ^means/of visualizing a 'vector function ofc^a vectc 
variable*' As a -matter, of convenient terminology, we shall^call the vector that 
'such at function associaJCes with a given vector V, the image 'of . V; furthermore, 
"we shall ,say that 'the fuijctibn maps V onto its -image.. * , *. ' " ^ 

, Let US look at , the simple function . " * / ^ * . : 

^. : * • ^ -V ^r:> 2V,^ V 6- Hi. \- • . J ' — * 



^his functioA maps each vector , V onto the vector that* has^ the same direption 
as V,. buSSntia^^^ twice as^long^as V: Another way t>f asserting this is to 



say that the function as£rt>ciates ,with each pQint P of the plane a point P** 
such that P and P* lie on the same rdiy through* the origin, but liOPM t = 
^'llOPli; see Figure 5— 2.^ You may therefore think of the function in this ex~ 
ample- as uniformly stretching the plane by a factor 2 in all directions from 
the origin. (Under this mapping what is the point onto which the origiiT is 
mapped?) ^ ^ 

As a second example,, consider the function 




This time, each vector is mapped onto the vector having length ^qual and 
direction opposite* to that of the given vector. Viewed as a jio in t * trans formation, 

1' , - 

the function associates with ^ny point P its '^ref lection*' In the origin; see 
Figure 5--3/ 

The function 

• ■» 

* * <^ 

j» 

V — > - 2V 



combines bothof the effects of the preceding functions, so 'that the vector . 
associated with V is twice as long as V, but has the opposite direction to 



Figure 5-2 . The 'trans— , 
formation V > 2V. * 



Figure* 5-3. The trans- 
formation V — r> — V. 



Now, let us ::look'.^^^jg^|»inctiop ^ 



/ 



V 



I IVI 1 ,v. 



As. in our first example, each vecfor is mapped by the function onto a vector 
having the same direction as th^ lEiven vector,. Indeed, every vectt)r of length 



1 is its' own image. But;, if, Mv|< > 1, then the image of V has a length 



greater, than that of Vi witti^he^'eKpanston factor increasing with fche length 



of V itself. Thus, theV^ctpr 



2. 
0 



having length 2, is mapped onto 



4 
0 



which is twice as long* The vector 



whose length is 13, has th& ijsage 



' 65"! 



with^^ength 169. On thet other hdhd,. for nonzero vectors of l^ength^less than 
one, we obtain" iii|(fee vectors of 'shOrteV length, the contracttori factor decreas- 
ing with decreasing length of the original veetcft. - Thus, / ' 



1 

2 
0 



is mapped onto 



1 

0 



the 'image being half as long as^he given vector., Again^ the vector 



r 41 
■ 7 

3 
~ 7 



is mapped onto 



20 
■ 49 

15 
L " 49 



the length of the first vector being 5/7, while the length of its image- is only 

(5/7) p or 25/49. Although we may try to Chink of this mapping as a kind of 

• ' ■ \ 

stretching of the plane ^n all directions fr|im the origin, so that any point 

and its intoge are coilinear with the origin, thtlp mental pictnre has also to 

take into account the fact that the degree of expansion varies with thei distance 

of a given point from the origin, and that for points within the circle of radius 

1 about the origin the so--called stretching is actually a compression* ^ 

4 



The mapping 



^2 (V '+ U) , where U « 



-0 



can be written in the form 



Therefore, if y^^- reoemSer M.. f , - . ' 

' '"^ ^""""l-^ the coordinate, of a line, 

en. Of the coordinate, or a.. en<^oints .f the 
W Wtion ^p. each point ont I ' '"^t 
- ^e point a'i^ 1 "4-PMn, of Une ^esLnt ,^.i., 

P Of ^auau.i„g^his ^ppWi/ ' ■ : 

«»Pl«ln« or tra.Hatin^.He plane' in .Ke «.eetion f ^ ' , 

facto/ i/a; see-Pignre 5-4. " ■ . '"^ "^-^ ^^e . 




7.. . . • 



Figure 5-4. - The trahi^fo 



relation V 



V 



V -f- u •■ 

2;, -7». where U = 



■/-■•■. 



. ^4nn on H is the t/aus formation 
-1 ^4 a vector function on n j- 
Still a^notber exwU o£ a vector . ' . / . 

•it ni.i -fo th4 X axis, through h. . 

/ nio.^ each p^nt is moved parallel to the . . ^ 

under this inapping,. each po^ . ^ horizontal 

^ " • to twice ..th*^ ordinate of the .pointyin , 

distance equal to twic . ' - / ' ^h*. ' x axis being 'moved 

■ ^ ^ . WFWeV^), «ithpoints/bova the x axi 

.shearing of t^e plant (Figure ^^f . . 

^ A Mnts below th^t a^is moved/ to the left. . . ' . 

to the right and points below v 





y 


P / 
^ ^ 




R 


— \ — 1 — 1 


■ / 











P' • 




- 

0 




1— 


— I — 1 — 1 


1 yyP" 




X 




- §1"^ 







Figur/5-5. The. transformation j^^ 



/ 



a .bove map distinct points of the plane 
functions discussed above map 
All th^ vector tunccxuu „-or hs^ving this 

/ .prtainly produce functions not hdvxng 

onto di^nct points. But we can certainly P 

prop^C Thus, the function 




1), 



.nint of the- plane onto the origin, 
jjjaps every point ot p 

* Onthe other hand, the transformation 





X 




X 




y 

L. 




0 







(2) 



u ^«-int fx, v") o^to the po 
maps. the point > y ^ 



■f 

J Has the same first 

,int of the X axis that has 
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comppnenfc aS 'V*'' For example^, every point of t;he line "x « 3' Is mapped onto the 

point (3,0). Since the image of ea6h point P^. can be located by drawing a 

perpendicular line P to the x axis, we may think of P' as being carried 

or projected on the x axis by a line perpendiciilar to thj.s axis. Consequently, 

this mapping may be desci;ibed as a pferpendiqulaf or othogonal projection .of the 

- ' * ' ^ 

plane on the x, axis* You notice that these last two functions (1) and (2) map 

H onto subspaces *of H, / " . . * • ' ^ 

Since we have met examp-les of transformations that map distinct^ points opto 

dls'tinct points and have also seen trans So rmationa uiider which distinct points 

♦ . / 

may have the same image, it is useful to define a new term to distinguish be— 



tween these two kinds of vector functions. , 

) 



Definition 5-4. A transformation from the set * H onto the set H is one— 
to-x)ne provided the images of distinct vectors are also distinct vectars. 



Thus, if f is ai^ function from H . to H and if we write f(V) for the ^ 

♦ « 

image of ' V, under the transformation f, then Definition 5-4 can be formulated 
symbolically as follows: The function f is a one— to-^ne transformation on H^: 
rovided * 

V 

m 

V ^ U • p- 



I 



implies 



f(V) ^ f(U) 



for vectors V and U in H* 



Exercises 5—2 



1. Find the image of the vector V under the mapping 



for each of ^the foriowing values of V: 



(u) \_i , ' (d) 

id. Find 'f(V) under the mapping'' 



■ i 



0 

0 

7 
-3 



(f) 



^5*- 




1 




"5"" 




1 


-[ 



X 

y 




f : V " 

fox&eafh of the following valuei of V: . ^ 



Ca) 
(b) 



-1 
-3 



2 



(d) 



0 
1 



(6) 5 
(f) 



U ■ 



\ 



3u De8cribe*the geometric effect of each of the following trans formatlona of 



H on the vector V » 



V, 



[;]■ 



(a) V- 

(b) V - 

(c) V — > aV, a > 0, 



0 
0 



(d) V- 

(e) V-^' 

(f) V 

(g) V--^ 



- aV, a > 0, 



0 

y 

y 
y 

-X 

y 



(h) V-^ 

(i) V 

(j) v-» 

(k) V 

(1) V 

(m) V — > 

(n) V — > 



[5]-' 

rn 

■]■■ 



X - 2y 

y 

X 

y — 3x 



♦ 4» Determine which of the transformations in the preceding exercise are one- 
to-one* \ 



5* 



expressions of the type V — > V' for the transformations of H that 



m4p).each point P onto the* point related to P in the ways described 
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beloi^* 
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(a) P* is one unit to the right of P and four units above P; . 

(b) P* is the perpendicular projectioii of ,P oh the horizontal line 

• • * * 

through, (3,2); . < . ' ' ' . 

(c) ' P*V^® perpendicular, projection of ,P on fhe vertical linfe 
through (—1,-2); • . . - 
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(d) OP and OP^ are collinear |>ut opposite in d^.rection, "and IIOPMl « 

(e) P' is the intersection, of the horizoj^Cal* line*, tl^ugh' P with t<|e 
line. of. sio^pe —1 passing through the origin (horizontal projection on 
the line y « — x); • ' - 

(f) P' ..is the intersection of the vertical line through P with the linp 
y 4 2x (vertical projection on the l;Lne y « 2x) . 

Show that the mapping of H into itself tha>: sends each point P into the 
point of intersection of the line y « x with the lin,e through P having 



6. 



slope 2 is given by 



[y\ [2x - ,j 



7. 



(a) Show that the mapping 

V « 

can be expressed in the form 

V 



X + 2y 
4x + 3y 



1 2 
4 3 



V. 



(b) Find the image under this transformation of 



(c) Find the image under this transformation of the subspace of vectors 
collinear with 



8. 



Solve parts (b) and (c) of Exercise 7 when 

(a) I '* . 

(b) o 1. > (d) 



1 
-1 

' 1 

- 2 



is replaced by 



2/ •> 
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9. Under the t^«as formation given in Exercise 7^ find by two (KLfferent methpds 

' " 7 , f * 

, the image of each of t^e following vectors: 





- 2 


~2" 


2 




1 , 


V 




"2" 


4 




^ 1 


"3" 




"2" 


2 







10 



(b) 
(c) 

Consider the mapping 



[!]• 



(e) 
(f) 



4 
5 



2 
3 

5 
3 



in 



72 



1 1 
-1 1 



X 

y 



> 



(a) Find the images under this mapping of the pair of points (5,1) and 
2)^ and show that the distance < between the given pair of points 

equals the distance be tv^ en their images • ' ^ / 

(b) * Solve part (a) if the given points are (-2,10) and (6,^5)* 

(c) Solve part (a) if the given points are (a,b) and (c,d). 



5—3. Matri'x Transformations 



As poted earlier, especially in Chapter 3, the pair of equations 



^11 ^ «i2 y - \> 

^ ^22^ ' ^2* 



\ 



can be written in the form 



AV = B , 



where 



•A 



— ^ — 

^11 ^12 




X 


» and B » 




V » 






*21 ®22_ 




y 




W mm 
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Consequently, in solving the equations you actually determine all the vectors V 
that are mapped onto the particular 'vector B by the function 



The study of the solut^.on of -systems of linear. equations thus le^ds to the 
consideration of th^ special class of tran^fonaa^ons on H that are expressible 
in the fprm (1), whe^e, A is any 2X2 matrix .with i;6al entri^ » Thes^ matrix 
transformations constitute a very important class of niappings, hg:vlng extensive 
applications in mathematics, statistics, physics, operations ^research, and 
engineering. - » * * 

' •' • . ■ • 

An important property of matrix transformations is that the)r are linear 
mappings; that is, they preserve vector sums and the products of vectors with 
real numbers. * / 

m 

* 

Let us formulate these ideas explicitly. 

Definition 5— 5» A linear transformation ^n H is a function f from H 
into H such that . • 

(a) for every pair of vectors V and U in H, we have 

f(V +,U) = f<V) + f(U); ' 

(b) for^every real number r and every vector ^ V in H, we have 

f(rV) = r f<V). 



7 



Theorem 5-5. Every matrix transformation is lirtear. 

• Proof. Let f be the transformation 

> f : V — > AV, ^ 

where A is any real matrix of order 2. We must show that for any vectors V 
and U, we have ^ * * 

2id ' ■ 




• rA(V + U) «.AV + AU; ^ 



further, we- must show that for any vector * V and any rial number r*" we have 

' ' ' A(rV) - r(AV) . . 

But these Qualities hold in' virtue of paxrta III (a) and III (f) of Theorem 4^2^ 

• • • * 

(see page 160). ^ ' . • 

Tlje ^nearity property of matrix transformations can us^d to derive the 
following result ^oncemi^g transformatibna of the subspaces of H. 



Theorem 5*-6« A matrix A* maps( every subspace F of ' onto a subspace 



F' of H, 



A: 



Proof. Let F' denote the set of vectors 

{AU I U e F) . 



\ 1 



To^ prove that F' is a subspace pf H> we must show that the following state- 
ments a:^e true: ' ^ * . ' 



V* (a) For any pair of vectors P*, Q* in F% the sum P' + is 

!v in F'. . , -^V . 

(i)^ For any vector P' in F' and any real number Tj . rP* is in 

^. F'. 



If P' a|d Q* are in then they nmst be the images of vectors P 

and Q In F; that is, . 

P' - AP, 

Q' » AQ. . ' 

It follows that ^ 

w 

V + Q* « AP + AQ - A(P + Q), 



t 



J 
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and P* + Q* , is the image of the vector P ^^Q in F.»(Can you tell why 
P -h Q is in F?r" Hence, C^' + Q*) 6 F' . Similarly, 



rP* -'^(AP) * A(rP), 



.4 



aftd hence rP* is the image of -^rP. But rP ejF |ecause F is^a subspace. 
T&us, rP' is tshe^mage of a vector in' therefore, rP* € F* . 

Corollary 5-6-1. Every matrix maps thfe plane H onto a subspace, ^ither 
the origin, or a straight line ^rough the origin, or H itself. 



For example, to determine the subspaces onto which 



A - 



_ f ^ 

4 2 

2 1 



maps 



'(a) F » 
(b), H itself. 



y - - 3x ^ , 



we proceed as follows ♦ 

For (a), the vectors of F are of the form 



5 ' 
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1 

-3 



, X 6 R. 



Hence , 



AU 



4 2 
2 1 



4 2 
2 I 



1 
~3 



M -P] 



r 



Thus, F is mapped onto F* , the set of vectors collinear with j^^j ; 
is. . 

♦ 

F' W 



that 
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4 



4- 



In 



othe^|Plrds,,.«>. A> m&ps "the pass ii^g~-through the origin /with ^ lope ^3 onto 

thcf'^ Xlne>| thro^jgi^f' th^origin wi th § l#p § 2 . 



As regards (b),-we ixtt^e that for any vector 



r 



we hav^ 



[4 Z] Txl^. /Ix + 2y1 ' ** 



1 

L. J 



Since 2x + y assumes %X1 real va^es as x an4 y run over the set of real 
numbexs, tV^^'^^o^s ^ ^^^o mapped onto* ; that Is,, A maps the 

entire plane onto the*^line 



.y - 2" 



Exercises 5.3 



7 



1. 



Let A 


1 

4 . 


(a) V « 




(h) V « 


-3 
-2 


(c) V » 


"o~ 

2 






determine: 





• For each of th^^ollowing values of t^ie vector V, 



V (d) V « 

(e) V 

(f) V = 



5 




_-l_ 




~3' 




0 


> 

r 


~-6~ 




4 


> 



(i) the vfector into which .A maps V, . 
(ii) the line onto which A maps the line ccJntaining V* 

2. A certain matrix maps 



into 



and 



'l' 




~4^T 




into 

< 


2 


5 



Using this infonnatlon, determine' fhe vector into which the matrix maps 
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each of the £o Hawing: 
(a) 



Hint: 





* 




Id 


+ 


z 



(c) 
(d) 



'[-:] • 
.{1]. 



(f) 
(g) 



r *^ 

1 



4 

'5 



2 

-3 



3. )ef<5nsi<ier the following su^spaces of H:/ 



■i 




X 


• j y - 2xj 






y 





X 

y 



2x ^ , P/ f H i^kself • 



Determine the subspaces onto which F^^, F^, F^* and are mapped by each 
of the following i^trices: 



-2 1 
~2 1 



1 1 
0 I 



(a) A = 
4. Let A = 

(a) Calculate AV . for 
V = 



(b) B = 



0 1 
-2 3 



(c) AB, (d) BA. 





















1 


> 


1 


> 


-1 


> 


0 




q 



(b) Find the vector V for which 



AV 





1 




— ■ M 

-1 




l" 








r 




1 




1 




-1 




0 




s 



5. 



Determine which of the .following transformations of H are linear, and 
justify ^your answer: 



(a) V = 



r ' "1 

X 






_y _ 




y 



(df V- 



5y 




2ls 
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(b). V 



(c) V 



X 

1 



X - y 
X + y 



(e) V — » J (V + U), where U « 

(f) V — > ! IVI I V- 



6*. Show that the matrix «A maps the plane onto the origin if and only if 



0 0 

0 6 



7. .Show that the matrix A maps every vector of the plane onto, itself if and 

only if . . 

~1 o' 
0 1 



8. Show that 



'2 1 
0 1 



0- 



T 



. laai^s the line y « 0 onto* itself . Is any point Of that line mapped onto 
itself by this^matrix? , . ]^ , 

9, (a) Show that each of the matrices 



1 0 
0 0 



and 



0 0 



- ■ 

maps H onto the . x axis. 



» • 

(b) -|)^termine the set of all matrices that map . H onto the x dxis, 

(Hint: You jnust determine all possible matrices A such that cor-^ 
responding to each V e H th^e is" a real number r -tox w^ich 



AV = r 



1 
0 



(1) 



In particular, (1) must hfld for suitable r when V is rejaiaced by 



and bV 



Determine the set of all matrices that map H onto the y axis. 



10. 

11^ (a) Determine the matrix-J^ — ^uch that 



o 
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AV - 2V 



for &IX ; V- 

(b) The mapping 



av 



(a > 0) 



multiplies the lengths of all vectors without changing their directions. It 
-amounts to a change of scale. The number a is accordiikgly called a scale 
factor or scalar . Find the niatrix A that yields only a change of scale: 



AV » aV. 



\ 



12. Prove that for every matrix A the set ■ F of all vectors U for which 



AU - 



0 
0 

4 U J 



is 'a subspace of H« Thl3 subspace is called the kernel of the mapping, 

13* (a) Show that the matrix o£ a trans formation is determined when the images 
of 2 noncoXliueajr vectors are given. 

(b) Find the matrix that maps ^ 



onto 



-1 

0 



and 



3 

2 



onto 



2 
5 



14. Prove that if a linear transformation of H maps each of 2 noncollinear \^ 
vectors onto itself > then the transformation maps every vector onto itself; 
- that is, the transformation is the identity* mapping. ^ 

13. J^J:ov^ that a transformation f of H into itself is linear if and only if 

• * « 

f(rV + sU) = r f(V) + js f(U) ' 



for every pair c3f vectors V and U of H and every pair of real nx^bers 
r and s . * • i ' x 
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5-4 • Linear transformations 



In the precediKig section, we proved that: every matrix represents a linear 
transformation of -~4^into H. We now prove the Qonverse: Ever^linear trans- 
formation pf H into H can be represented by a matrix. 

Theorem* 5-7. Let f be a iTinear transformation of H into H. Then, 
relative to any given basis for H, there exists one and only one matrix • A 
such that, for all ^ e H, 



f(V). 



Proof. We prove first that\i»«»»^annot be more than one matrix represent— 



* 

ing f. Suppose tl^at there are two matrices A and B such that, for all 
V e H, 

AV = f(V) and , §V = f (V) . 




Then 



AV ~ BV » f(V) ~ f(V) 



for each V. Hence » 



(A - B)V 



0 
0 

L J 



for all V e H. 



'Thus, A~ B maps every vector onto the origin.. It follows (Exercise 5^3-6) 
. ' that A - B is the zero matrix; therefore. 



A = B. 



. Hence, there is at most one matrix representation of f . ^ 

Next, we show how tq find the matrix representation for the linear .transfoi^- 



tc^ Ixnd tn^n 



mation f. Let S, ^nd be a pair of noncollinear vectors of H. Let 
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11 

^21 



and fCS^) - 



12 
^22 



/ 
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/ 



der hi* 



■ / 



be the respective iiaages of and vmder the oiatiping f . /tf V is any 

veqtor of H, it fo^ilows from Theorem 5-4 that there exist re^l numbers v. 

•■-.•/, . . • .. / . 

and ' such that V « v,S, + v^S-, Since f is a linear: transfonnatign, we 
2 1122 



have 




/ 



Accordingly, ^ % , 



f(V) 



Thiis, 




^11^1 ^ ^12^2 
^21^1 ^ ^22^2 



It follows that \ is reprasanted by the matrix^ 



when vectork^^ufB expressed in terms of their coordinates relative to the basis 



You notice that the matrix A is completely determined by the effecl^of f 
on the pair of noncollinear vectors used as the basis for Thus, once you ^ 

know that a giyen tran^f onnat^lon on H is linear > you have a matrix represent— 
ing the mapping when you have th^ images of the natural basis vectors. 



and 



0 
1 



4 
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For example, it can be shovm by a geometric argument that the counterclock- 
wise rotation of the plane through an angle of 30^ about the origin is « linear 
"transformation. This function maps any point P onto the point P% -where the 
mead\ire of the angle POP* is equal to 30*' (Figure 5-6). It is easy to see 
(Figure 5-7) that ' 




t-sin 30^, cos 30°) 



(cos 30°, sin 30°) 




(1,0) X 



Figure 5-6, A rotation through 
an angle of 30^ about the origin. 



Figure 5-7 . The images of- the points 
(1,0) and (0,1) under a rotation of 30^* 
about the origin . > 



and 



[;]■ 



1^ Tmapped onto 



Is mapped onto 



cos 
siri 




-sin 30 
cos 30 



Thus> the matrix representing this rotation is 



A « 



cos 30^ —sin 30^ 



sin 30^ cos 30^ 





I 




2 2 




1 >/3 


- 


2 2 



, Note* that the first column of A is the vecto^r onto which 
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is mapped; 
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the second column of A is the image of 



r n 
0 



P^o^"ct or Composition of 4wo transformations is defined just as you 



define t^ composition of two real functions of^ real variable 



Definition 5-6 . If f _ and' g are transformations on H, then for each 
vector .V in H the composition transformations fg and gf are the trans-r 
formations such that 

• fg(V) = f(8(V)) and g.£(V) = g^f(V)). 

L . . . 

Thus, to find the image of V under the transformation fg, you first 
apply g. knd then apply f . Consequently, if g maps V onto U, and if 
f maps U onto . W, then fg maps V onto W. 

The following theorem is readily proved (Exercise 5-4-7) , 

Theorem 5^8 . If f'^ a linear transformation represented by the matrix 
; ( • \ 

A, and g is a linear transformation represented by the matrix; B, then fg 

and gf are both linear transformations; ,fg is represented by AB, while gf 
is represented by BA. 

^For example, suppose that in the coordinate plane each position vector is 
first reflected in the vertical axis , and then the resiilting vector is doubled 
in length. Let us find a matrix representation of the resulting linear trans- 
formation on H. If g is the mapping that transforms each vector into its 
reflection in the vertical axis, then we have 



g : 



X 

y 



—X 



-1 0 
0 1 



x^ 

y 
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' If f maps each vector into twice the vector, then we have 

'4 . . 
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X 

y 



X 

y 



2 0 

0 2. 



X 

y 



Accordingly* the matrix representing ,fg is 



[o 2J [0 i 



-1 0 
0 2 



Exercises 5-^4 

X^^^-^^.^^^^^^^^^olX: each of the mappings in Exercise' 5j5--2--*3 is ^inear^ by determining 
* ; sSatrices representing the mappings* , ^ 

2. Consider the linear transformations, , * * . 

p: reflection in the horizontal axis^ 

horizQntal projection on the line y =» — x (Exercise 5— 2— 5e), 

r: rotation couhterclockwise through 90^, - 

s: shear moving each point vertically through a distance equal to 
the abscissa/of the point, 

of H into H. In each'^of the following^ determine the matrixN reprersenting 
the given transformation: < - 



(a) p, 

(b) q, 

(c) r, 

(d) s, 

(e) pq. 



(f) qpv 

(S) Pr. 

(h) rp. 

(i) qs, 
(j) sq, 



(k) s(rs). 

(1) (sr)s, 

\ (m) p(sq), 

(n) (ps)q, 

(o) (sp)(rq). 



3. Let f be the rotation of the plane counterclockwise through 45 about the 

' O 

origin,/ and let g be the rotation clockwise through 30 . Determine a 
matrix representing the rotation through 15° about the origin. 

■m 

4, (a) Show that every linear transformation maps the origin onto itself, . 
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(b) Show that ev^ry linear trans fonnation maps every subspace of H onto 
a subspace bf^ H» 

5. For every two linear trans fonnations f and g on define f + g to 

be the trans fonaat ion such that, for each V € H, 

•a 

<f +g)(V) « f(V) +g(V). 
Without using matrices, prove that f + g is a linear transformation on H. 

,■ I . 

6^ For e^ch IjLnear transformation 1 on H and each real nxxmber a, define 

J. ^' , . - ■ 

af to be the tr«is fonnation such that 

V 

^ • af(V) - f(aV). 

' •• . 

Without using matrices, prove that af is a linear transformation on H., 
7. Prove theorem 5-8. ,i ' . 

8* Without using matrices, prove each b£ the following: ^ \ 

(a) f (g + h) « fg + fh, . > 

(b) (f -t- g)h = fh + gh, 

(c) f(ag) = a(fg), f 

. where f, g, and h are any linear trans formati6ns on H and a is any 
real nuiiber* 

5—5* One-^to-^ne Linear Transformations 

The reflection of the plane in the x axis clearly maps distinct points 
onto distinct points; thus, the reflection is a one-to--one linear transforma- 
tion on Moreover, the reflection maps any pair of noncollinear vectors onto 
a pair of noncollinear vectors* It is easy to show that this property is common 

% 

to all one— to^ne linear transformations of H into itself^ 
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* Theorem 5--9 • " Every one-^to-one Xlftear transformation on H maps non-- 
coXllnear vectors onto noncollinear vectors • 



Proof. Let and be a pair of noncollinear vectors and let 

4 

(.} - f(Sp - Tj^ and f(S2) -T2 

• . •* 

J)e their imges under the one-to-one linear mapping f • Since f is one--to— 

one, we know that T^^ and are not both the zero vector^ We may' suppose; 

' therefore » that T^^ is not the zero vector. To sh^w that T^^ and T^ are 

not collinear, we shall>d^monstrate that the assumption that they are collinear 

leads^. ta a contradiction « 

If T, and T^ are collinear, then there exists a real number r such ' 

that T„ = r T, . Now, consider the image under • f of the vector r S, . Since - 
. z 1 - ^ i ^ . 

f is linear, we have 

f (r S^) » r f(Sj^) 

= r T, ■■ • ; 

Thus, each of the vectors r S- and Is mapped onto T^. Since f is one— 

* ». 
to-one, it follows that 

r - S^, 

ft 

and therefore that Sj^ and are collinear vectors . But this contradicts 

the ^f act that and are not collinear. Hence, the assumption that 

and T^ are collinear must be false^ Consequently, f must map noncollinear 
vectors onto noncollinear vectors. 



liN. Corollary 5-9—1. The subspace onto which a one— to-one linear transformation 




maps H is H itself. 
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Proof , Since the subspa:ce contains a pair of noncollinear vectors, the 

- - ^ 

torollary follows by use of Theoirems 5-3 and 5-4. 

the link between one-to-^ne trans fo rmations-^on H and second-order 
Qia trices having inverses is giVen in the next/theorem. 



Theorem 5— 10* Let f be a linear transformation represented by the xnatri:;^ 
Then f is one-to-one if and only if A has an inverse » 



9 \ ^ , 

Proof. Suppose that A has an inverse-. Let S, and S2 be vectors in 
H having the same image under f . wow^ ^ / ; 



f(Sj^) « AS^ and fCS^) - AS^. 



Thus, 



Hence , 




A5^ ^^^^lS.^ ( 



' A ^ASj^) « A ^(AS^), 

(a"^a)s^ = (a""^a)S2. 

and , . . 

Thus, f must be a one-to-one transformation. , ' • 

On the t>ther hand, suppose that f is one-to-one. From Theorem 5-9, it 
follows that every vector in H is the image of some vector in H. In particular 
there are vectors * W and U such that 

f(W) - AW ^ 



224 
and 



f(U) = AU 



■Vv 



Accordingly, the matrix having for its first column the vector W, and for its 



second column the vector ,U, is the inverse of 



Corollary 5-10-1. > linear transformation repipsented by the matrix A 



is one-to-one if and only if 



6(A) ^ 0. 



The theory of systems of two linear equations in two variables can now be 
studied geometrically. Writing the system 



in the form \ 




^21 5^ + ^22 y " ^ * 



AV = U, 



(1) 



(2> 



where 









~x' 




u 






^11 .^12 


, V - 




> and U = 


V 

» -J 






.^21 ^22_ 




y 







we seek the vectors V that are mapped by the matrix A onto the vector U. 

* • 

If 6(A) ^ Oy we now know that A represents a one-to-one mapping 'of H 

• —1 

onto H. Therefore, A maps exactly one , vector V bnto U, namely?, y « A U, 
Thus, the system (1) — ^, equivalently, (2) — has exactly one s9lution. 

If &(A) - 0, then, in virtue of Corollary 4-6^1, the columns of A must 
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be collinear vectprs. (Hence, A must have one the forms 



"o 


o' 




"o 


a 


, or 

• 


a 


ra 


0 


0 




_0 




b 


rb_ 



where npt both a and b are zero. If A has the first of these forms, then 
A maps H onto the origin. In the -other two ca^es, A maps • H onto the 



line of vectors collinear with the vector ~ . (See Exercise 5-5-7, below.) 
With these results in mind, you-may now complete the discussion of the solution 
of Eqtt^tion (2). ' 



1. 



2. 



3. 



Exercises 5—5 

Using Theorem 5—10 or its corollary, determine which of the transformations 

-^■■^ 

in Exerpise 5—2—3 are one-to^ne* 

■: ■ 

vShow that- a linear trans fonuation is one-to^ne if and only if the kernel of 
the mappi^ng consists only of the zero vector. (See Exercise 5— 3^12*) 

(a) Show that if f is' a. .6he-to-X)ne linear transformation on H, then 

V" 

there exis^ a linear transformation g such that, for all V e H, 

gf(V) « V 

and 

« 

.,. fg(V) = V. 

■ 

The transformation g is called the inverse of f and is usually wri 
g = f . 

(b) Show that the transformation g 
transformation on H. 



-1 




in ipart (a) is a one-to-one 



4^ prove that the set of one-to-one linear trans formatipns on H is a group 

it ' ^ ' 

relative to the operation of composition of transformations. 

* 

o n 
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5* Prove that if f and g are one-to-one linear transformations of H, ' then 
fg is also a one-to-one transformation of 

6. Show that if f . and g are linesrr transformations of H such that fg 
is a one— to-one transformation, then both f and g are one— to-one trans- 
formations , 



7. 



(a) Show that if 6(A) = 0, then the matrix A maps H onto a point 
(the origin) or onto a line. 

(b) ^,5*t6w that if A is the -zero matrix and U is the zero vector, then 
every vector V of H is a. solution of the equatCpil AV » U. 

(c) Show that if 6(A) « 0, but A is not the zero matrix, then the 
solution set of the eqtiation 



AV 



is a set of collinear vectors. ' ' ■ . 

(d) Show* that if 6(A) »= 0, but A is not the zero matrix and U is not 
the zero vector, then the solution set of the equation 



V 



• AV =« U 

either is empty or consists of all vectors of the form 



iV^ + tV^ I t e R}, 



where and are fixed vectors such that 



AVj^ = U and AV^ 



0 
0 



8. Show that if the equation AV = U ha-s more than one solution for any given 
U," then A does not have an inverse. 
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5—6. Invariant Sobspaces 

The reflection in the x axls» *^ 



f : V 



I 0 
0 -1 



V, 



evidently has the property df mapplnl^ each vector (point) on the x axis onto 
^ij^ itself . If you think of a mapping as ''carrying" a vectdr onto its image,, you 

might 4:hink 'of the vectors on the x axis as being held fixed in this reflection « 
The notion of fixed vectors or points is important enbugh for us to formalize the . 
idea in a definition* . ' 



Definition 5-1 • If a transformation of R into itself maps a given vector 

onto i itself » then that vector is a fixed vector for the trans formation ♦ A fixed 

" ^ ^ . \ . 

- vector is also called an invariant vector • . 



Reflection in the x axis leaves fixed no points other than thpse on this 



> $xis. Howeve^^, it is easy to see that each point on the y axis is mapped by 

this transformation onto another point of the y akls> except fox; the origin • 

If W is any vector on tjie y axis, W 9^ 0, then ' 
ft 

f(W) ^ - w. 

Thus, the vectors collinear with W form a fixed, or invariant, subspace of H / 
for this trans foi^m^tion* W 



Definition 5-^* A sybspace F. of H is an invariant subspace for a 
given transformation provided: (a) the^ image of every vector in F is also 
a vector in F, and (b)* every vector in F is the image of some vector in^ F» 

The following theorem shows the connection between invatiant vectors and 
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invariant subspaces under linear transformations. 

Theorem 5-11 . If W is^an inyari^t, vector for a linear transformation/ 
f, then every vector in the subspace F- = >rW I r € R} is invariant under the 

« * ■ J 

tratis formation; that is, F is an invariant subspace. ' \ 

* P£oof. Since f is a linear traasloruiation that maps W onto itself, we 
have . " 

' .. .J ■ ■ ■ 

; f(rW) =.rf(W) 
* ■ • *. = rW. ' ■ 

* 

Thus, f maps rW onto itself • fol^ ev^ry real value of r. ^ 

X 

To determine the invariant subspac^es of a linear transformation f> let 
us suppose that f is represented by the matrix A. We seek vec^rs W and 
real numbet^s c such that . 



. • ■ • * • AW = cW. 

» 

If I is the identity matrix of order 2^ we then ^ve 

AW = (cI)W, 

that is, 

AW r (ci>tf ,« I ^ 



or to 



Letting 



:RJC 



' (A - cI)W 



0.. 
0 



A = 



4l ^12 



'21 ^22 



and W 



X 

y 



33 



I 



(1) 
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we may rewrite equation. (1) as follows: 



,^11.7/^, ^12 



'21 



^22 - ^ 





X 




0 




y 




0 



(2) 



We know* there is a nonzerp vector W satisfying equations (2) if and only If 



\ ,. 

that iSt 



, 5<A - cl) = 0, 



or 



^ iii . . ... 

Equation (3) is called the characl^laM equation of the matrix* A and its 



(3) 



roots, are' called the characterlst 



^^^,^-;,;^j^l ues or roots of A, (Xice this quadratic- 



equation is solved for c, the ct^|^|sponding vectors , satisfying equation^ (2) 
are readily found (Exercise 5-7^ 

f/'it. 

You should notice :*hat rinvafi^t 'vectors of A correspond, to a character^ 
istic root equal to 1*. . * ^ - • » 

, For example, to determine the invariant subspaces of the matrix 



A 



2 3 
0: 1 



we must solve the matrix equation 







X 


r 


" - 

0 


0 . 1 - c 






rs 


0 

— — 



For the characteristic equation, jwe obtain 
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the roGfts of which are c » 1 and c » 2* 
For c » 1> equation (2) becomes 



This' matrix equation is equivalent to the system 



"l 


3" 




X 




"-0" 


0 


0_ 




_y _ 


B 


0 



X + 3y = 0, 
Ox' + Oy « 0. 



Thus, A maps the line x •» — oy onto itself; that is, the subspace of vectors 



collinear with 



-3 

this subspace is invariant 



is invariant Actually ^ sinc^ c - 1^ each vector of 



For "c » 2, equation (2) becomes 



or 



fo 3] 






ss 


0 


0 -1 




y 




0 




3y 


=* 0, 






ly 


0 0. K 





r 



Hence, A maps the line y =« 0 onto itself; that is, the invariant subspace 

1 



corresponding to c = 2 is th^. set of. vectors collinear with 



this subspace, only 



0 
0 



0 



But iii 



is an invariant vector. 



Definition 5—9. Each nonzero vector W satisfying the equation 
* AW.= cW " • 

is called a pharacteristic vector corresponding to the characteristic value c 

' ^iXT 

.1 

of A. . . 
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The determination of the characteristic roots and vector^ of a matrix is of 

kJ ,} 

? , - K/ 
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vast importance in many engineering and scientific problems ♦ ThQ analysis of 
flutter and vibration phenomena, the stability analysis of an airplane, and many 
other physical problems require finding the characteristic roots and vectors of 
matrices, , j " 

i ■ ■ ' • ' . ■ * 

r' ... 

Exercises 5—6 



1, Determine the characteristic roots and vectors of each of the following 



matrices: 
(a) 
(b) 



2 5 
0 3 



-3 4 
~1 2 



(c) 
(d) 



2 1 

-1 0 

0 2 

0 1 



3. 



Prove that zero is a characteristic root of a matrix A if and only if 
6(A) =0. * " • ^ 

Show that a linear transformation f is one— to-one if and. pjily^if zero is 
not a characteristic foot -dt the matrix representing f. 



4» Prove that if zero is a characteristic root of the matrix -A, then A has 
a^t most one invariant subspace other than the subspace consisting of the 
zero vector alone ♦ What is the" maximum number of noncollinear characteris-- 
tic vectors that A can have? 

5. Determine the invariant subspaces (fixed lines) o£ ^the mapping given by 



6 2 
2 3 



Show that these lines are mutually perpendicular. 
6» The characteristic equation of the matrix 
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in the illustrative exanible on page 229 is 



c - 3c .+ 2 = 0. 



For matrices, the corresponding equation is 



C - 3C + 21 « 0, 



where I is the identity matrix of order 2 and 0 is the zero matrix of 
order 2. Show that A is a solution of this matrix equation; that is*, 
show that , ' ^> 



■;3- «f 



A - 3A + 21 =. 0. 



7. Show that the matrix A = 



^11 ^.12 
^21 ,' ^22J 



is a solution of its characteristic 



(matrix) equation; that is, show that 



^^11 ^22^^ ^^^^-^ 



This result iS the case n = 2 of a famous theorem called the Caylejr- 

aBt 

Hamilton. Theorem, which states that an analogous result holds for matrices 



•of any order n. 



8. Show that 



is an invariant vecto^i^'bf the transformation 



but that 2 



V > 1 IVI.I V, 



is not invariant under this mapping. Does this result 



contradict Theorem 5—11? 
9* Shaw that A maps every line through the origin oji^to itself if and only if 



for r ^*,,p. 



A = 



r 0 
0 r 
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10. 



12. 



Let d.» (a^j^ - &^^) 4 ^3^2*21* ^12* ^2lK ^22 

<i . ■ 

real' numbers i Show that the number of distinct real characteristic roots 
of ^he matrix 



^11 ^12 
^21 ^22 



xs 



0 if d < 0, . * 

' •■ 1 if d = 0» 

• ■ ' 2 if d > 0. 

* 

• « 

Find a nonzero matrix that leaves no line through the origin fixed. 

Dj^temine a' one— to-one linear transformation that maps exactly one line 
through the origirf onto itself." i 



13. Shov that every matrix of *the form 
roots if s 0. 



r s 
s t 



has two distinct characteristic 



14. Show that the matjrix A and its transpose A have the same characteristic 
roots. 

/ ■ » > 

5^7. Rotations and Reflections 
* * 

Since length is an important property in Euclidean geometzy, we shall look 
for the linear transformations of the plane that leave unchanged the length 
I IV! ! of every vector V. Examples of such transformations are^ the . following: 

(a) the reflection of the plane in the x axis,, 

(b) a rotation of the plane through any given angle about the origin, 

(c) a reflection .As ^ axis followed by a ^rotation. about the origin 

Actually, we can show that any linear : transformation that preserves the lengths 
(^:r'ii^l vectors is equivalent to one of these three. The following theorem will 
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be very useful in proving that result • 



Theorem 5-12 ♦ A linear transformation of H that leaves unchanged the 



length of every :vector also leaves unchanged (a) the inner product of every pair 
of vectors and (b) the magnitude of the angle between every pair of vectors. 

Proof. Let 'v and be a pair of vectors in H and let V* and U' 
be their respective images under the trans formation • In virtue of Exercise 
4—5-8, ve have ' , , 



IIV + UII^ IIVII^ +2V«U + IIUII^ 



and 



1 1 



V» + U* I t IV' I P + 2V'»U» + I iU' 11^. 



(1) 



(•2) 



Since the transformation is linear, for the image of V + U we have 



Conseauently, (2) can be written as. 



I l(V + U)M !^« ! IV* I !^ +;2V^«U' + I lUM 1^. 



(3) 



But the transformation presejrves the length of each vectop; thus, we obtain 
■•'•I IV ! I = I iVI I , i lU'.l i = t lUl i , and I i (V + U) ' ! i = I I V + VlT . 



Making these substitutions in equation (3), we get 



I |V'+ Ul l'^ = i IVI 1^ + 2V'«U' + I IUI 1^. 



(4) 



Comparing equations (1) and (4), -you see that we must have 

y»u = V'»U' ; 



that is, the transformation preserves the inner product. 
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Since the magnitude of the angle between V and U can be expressed in 

terms of inner products (Theorem 4-5), it follows that the transformation also 

preserves that magnitude«. . ' . " " ✓ 

V 

Corollary 5-12-1. If a linear trans formdtlon preserves the length of every 
vector, then it maps orthogon&il vectors onto orthogonal vectoi:s . 



See Exercise 4-5-4 on page 183 for the definition of orthogonal vectors . 
This simply means that the geometric vectors are. mutually perpendicular. 

It is very easy to show the transformation^ we\are considering hlao pre- 
;,^erve the distance between every pair of points in the plane. We state this 
property fommlly in the next theorem, the proat of which.i^is left as an exercise 

I '\. * ' - 

\ * ■ 

*" • N ' ■ ■ 

V '1' » 

Theorem- 5-13. A linear transformation that preserves the letj^th of every 

, . v-^ . 

vector leaves unchanged the distance between every pair of points in t^e plane; 
that is, if V and U' are the respective linages of the vectors V apd- ,^^^!!. 



then >^ 

IV' - u» 



if , 



Let us now find a matrix representing any given tinear length-preserving 
transformation of H. All we need to find are the images of the vectors 



^1 = 



and 



0 
1 



tinder such a transformation. (Why is this so?) 

If S| and are the respec|tive images, of S^^ and S^, th^n we know 

that both. SJ^ and are of length .1 and that they are orthogonal to each 

other. 



236 



Suppose that forms the angle* a (alpha) with the positive half of 



the X axis (Figure 5--6)* Since the length of Sj^ equals 1, we have 



cos Q! 

sin a 



lici 



We know that is perpendicular to S^^ Hence, there are two opposite 



cos 0^ sin a) 




Figure 5--6. A length-preserving transformation. 

\ ■ 

possibilities for the direction of S^i because the angle ' ^ (beta) that S 
mak^s with the positive half of the x axis may be either 

IT 



P = a + ^ 



or 



2* 



( 



In the<|iyst case (5), we have 
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§2 



cos ^ 
sin p 



cos 



sin 



-sin a 

cos a 



In the second case (6), we have 



^2 



cos 
sin 



{« - f )j 



^ sin a 
--cos OC 



Accordingly^ any lineai; transformation f that leaves the length of each 
vector unchanged must be represented by a matrix having either the form u 



or the form 



B 



cos a -sin a 
sin OC cos Of " 



cos OC V sip (X 
sin q: ^os a 



(7) 



(8) 



^ In the first instance (7)> the' transformation f simply rotates the basis 
vectors and through an angle Of and we suspect that f . is a rotation 

of the entire plane H through th^tt angle: To verify this observation^ we write 
the vector V ift terms of its angle of inclination 9 X^heta) to the x axis 
"and the length r I IV| I; that i^, we write ^ ' 



V = 



r cos 9 
r siji 0 



(9) 



Forming^ AV from equations (7) and (9), we obtain 



AV 



r(cos e cos a — sin 9 sin a) 
r(sin 9 cos (X + cos 9 Bin OJ) 



From t^G formulas of trigonometry » 
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we sea that 



cos (0 + a) «• cos e cos a — 0 sin OJ, 
sin (0 + a) » sin 0 00s a + cos 0 sin a. 



\ 



AV 



r cos (0 + a) ■ 
r sin (0 + a) 



Thus, AV is the vector of length r at ai^ !:angle 0 + Of to the horizontal 
axis. We have ptoved that the matrix A represents a rotation of H through, 
Ipie angle ■ a. 

But suppose f is represented by the matrix B in Equation (8) above. 
This trans forxaat ion differs from the one represented by A in that the vector 
) ^2 reflected across the line of the vector S\ • Consequently, you may . 
. ^suspect that this transformation aj?«sunts to a reflection of the plane in the 
. ^.x axis followed by -a rotation through >the angle a. Since yc^u know that the 
reflection in- the x axis is represented by thp matrix 



you may, therefore, expect that 



xp^t 



B » AJ. 



(10) 



We leave this verification as an exercise. 



■i 



Exercises 5—7 



1. Obtain the matrices that rotate H through the following angles: 



(a) ISO". 
<b) 45°, 
(c) 30°, 



(f) 90°, 
(8) -120°. 
(h) 360°, 
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♦ (d) 60", 
(e) '270°, 



(i) -135", 
(j) 150^. 



2. Write out the matrices that represent the transformation consisting of a 
reflection in the x axis followed by the rotations of Exercise 1. 

3. Verify Equation (10), above. 

ft 

4. A I inea^^ transformation of H that preserves the length of every vector is 
called an orthogonal trans forsaation, and the matrix representing the trans- 
formation ^ff'calried an orthogonal matrix. Prove that the transpose of an 
<itthogonal matrix is orthogonal . 

5* Show that the inverse of an orthogonal matrix is an orthogonal matrix. 

6. Show that the product of two orthogonal matrices is orthogonal. 

7. (a) Show that a translatic?!? of H in the direction^ of the vector 

and through a d^tance .equ^l tp the length of U is given by the mapping 



V + u. 



(b) , Shi>w that this mapping does not preserve the length of^every vector, 

^ but that it does preserve the distance between every pair of pointd^ in' the 
plane. 

(c) Determine whether or |jot this mapping is linear.. 

8. Let and denote rotations of H through the angles a and ^, 

respectively. Prove that a rotation through a followed by a rotation 
through p amounts to a rotation through Oi + p ; that is, show that 



9. Note that the joatrix A of Equation (7) is a representation of a complex 



2U 
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number* What does the result of Exercise 8 imply for complex numbers? 

10* (a) Find a matrix that represents a reflection across the line of the r :v 
vector . 



cos (X 
sin QL 



(b) Show that the matrix B of Equation (8)> above, represents a reflection 

L 

across the line of some vector. 



/-> -7 
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RESEARCH EXERCISES 



ih& exercises in this Appendix are essentially "researchr-type" problems 
designed to exhibit aapects^ of theory, and practice in matrix algebrg, that could 
not be included in the text. .They are especially suited as individual assign- 
ments for those students who are prospfecti^^ majors in the theoretical and 
fprabtical -aspects of the scientific disciplines, and far students vAio .would like 
to test their mathematical powers; or students might join forces in working them, 



1. Quaternions. The algebraic system that is explored in this exercise 

. — ■ ■ / • 

was invented by the Irish ma-thematician and physicist,, William Rowan Hamilton, 

who published his first pap^r on the subject in 1835. ft was not until 1858 
that Arthur Cayley, an English mathematician and lawyer, published the first 
paper on matrices. Since Hamilton's system of quaternions is actually an 
algebra of matrices, it is more eas*ily presented in this guise than in the form 
in which it was fitst developed. 

In this exercise, we shall consider the algebra of, 2X2 matrices with 
complex numbers as entries . The definitions of addition, multiplication, arid 
inversion remain the same. We use C for the set of all complex numbers and 
we denote by K the set of all matrices 



z w ' 

^1 \ 



\ ♦ 
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where z, w, z^^, and w/ are^gileraents of C.t As is the case with matrices 
halving real entries > the element • 

241 , ^ ^ 
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w 

1 ^1 



of K has an inverse if and only If 



and we have 



w 



2, 



Since 1 is a complex ntanj>er, the unit matrix is still 




I « 



1 6 
0 1 



.V 



If. 




'then we wcite 



« ■ 



J 

a « X'+ iy, 

aw* 

z « X - iy 



and call this nta&ber\he complex conjugate*of or simply the conjugate of > 

\ * 

\ * . 

A quaternion is an| element q of K of ^-the particular form 



z w 

— , 2 € C and' w £ 

We denote by Q the set of all quaternions* 

2 Z 2 i 

(a) Show that ^5(q) "^. + y +u +v if z«x + iy and w « u + iv. 

Hence conclude that, since x, y, u, and v are r§al numbers, B(q) "0 if 

" - '■ > , 

and only if = 0. 

\ 

(b) Show that if q 6 Q then q has an inverse if and only if q ^ 0 
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and exhibit the form of q if it exi8t;s . . 

♦ • ■ ■ ^ 

Three elements of Q are of particular importance and we give them special 

• • ' • . ' ' 

names: 



U 



i 0 
0 -i 



-1 0 



W 



0 
i 



i 

0 



(c) Show that if 



z 



w 
IS 



.where s «■ x + iy and w « u + iv, then 

q - xl + yU + uV + vW. 



(d) Prove the following identities involving I, U, V and W: 



.U ^ V 



rnd 



UV = W - - VU, VW = U = - WV, and WU •= V = - UW. 



(e) Use the preceding two exercises to show that if q € Q and r € Q , 
then q + r, q ~ r, and qr ajre all elements of Q. 

'The conjugate of the element • . 



is 



L. 



^ 2 



2 ^ X + iy, w ~ u + iv> 



r 



2 -W 
W 2 
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1 . • 

and the norm and trace are given respectively by 



and 

c 

t(q) » 2x. 

«• • « # ■ 

(f) Show that if q e Q, and if q* is invertible, then 



From ^this conclude that if q € Q> and if q exists > then q 
* (g) Show that each q ^ Q satisfies the quadratic equation 




2 2 ' 

% . . q — t(q) q + Iql 0 • 

(h) Show that if q € Q then 

- . . 

- 2 

. ■ qq Iql ^ 

•NQte that this may be. proved by using the result that if 

r 

*• 

"■I 

#■ . 

q « al + bU + cV + dW 



th^n 



. q = al - bU - cV - dw; 



and then using the results given in (d).- 

^ (i) Show that if q e Q and r e Q, then 



4 *i Iqri « lq[ Irl 

and 



!q + rl < iqi + Irl 



The geometry of qxiatemlons constitutes, a very interesting subject. It 



245 



requires the representation of a quaternion 

f 



q = al + bU + cV + dW 
as a point with coordinates (a, b, c, d) in four-dimensional space* '^he 



subset' of elements^ 



q ! Q and Iql « l}^ 



is a group and is represented geometrically as the hypersphere with equatiotiH 

* atb+c+d=*l* 



2. Nonassociative Algebras 

The algebra of matrices (we restrict our attention in ^his exercise to the 
set M of 2 X z matrices) has an associative but not a commutative multipli- 
cation* ''Algebras'* with nonassociative multiplication have become increasingly 
important in recent years — for example, in mathematical genetics. Genetics is 
a subdiscipline of biology and is concerned with transmission of hereditary 
traits. Nonassociative "algebras'' arc important also in the study of quantum 
mechanics, a subdiscipline of physics. We give first a simple example. of a Lie 
algebra (named after the geometer Sophus Lie). 



If A^M and B G M, we write 

V 



^ AoB = AB - BA 

and read this "A op B,'^ ''op" being an abbreviation for operation., 
(a) Prove th^ following properties of o : 
(i) AoB = BoA, 
>^ (ii) AoA = 0, 



t 

. . . > f'; 

I ^ (iii) 'Ao(BoC) + Bo (Co A) + Co(AoB) =0, 

(iv) Aoi - 0 - loA. . \': ;:v 

f 

(b) Give an example to. shoW that Ao(BoC) and (AoB)oC are different 
and hence that o is not an associative operation. 

Despite these strange properties » o behaves nicely relative to ordinary 
matrix addition. 

(c) Show that o distributes over addition: 

Ao(B + C) (AoB) + (AoC) 

and 

(A + B)oC « (AoC) + (BoC) 

(d) Show that o behaves nicely relative to multiplication by a number. 
It will be recalled that A is^ called the umltiplittativ^ inverse of A 

and is defined as the element B sittisfying the. relationships 

AB = I = BA- 

^ ■ m 

But it must also be recalled that this definition was motivated by the fact that 

AI = A = lA, ^ . 

that is> by the fact that 1^ .is a multiplicative unit, 

(e) Show that there is^no o unit. 

We know^ from the foregoVng work, that o is neither commutative nor 
associative. Here is another kind of operai^on, called Jordan multiplication : 
If A £ M and B e M, we define > 



. ,^ . BA) 
AjB « — ^ ^ , ^ - 

We" see at once that ^ o » x 
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AjB « BjA, 

SO that Jordan multiplication is a commutative operation; but it is not 
associative* :^ , 

(f) Determine all of the properties of, the operation j that you can. 

For example » does j distribute over addition? 

p 

3» The Algebra of Subsets 

We have seen that there are interesting algebraically defined subsets of 
M> the set of all 2X2 matrices. One sui:h subset^ for example^ is the set 
Z, which i^ isomorphic with the s*"et of complex tAimbers. Much of higher 
mathematics is concerned with the ^'global structure" of "algebras,-'' and generally 
this involves the consideration of subsets of the "algebras** being studies. In 

■ ' / ■ - ' ' ■ ■ 

iShis exercia(e^ we shall generally undersco^ letters to denote subsets of 
If A and B are subsets of M, then jj^T 

is tke set of all elements of the form 

' ' A + B, where A £ M and B € M. 

r • ■ ' 

I ■ 

• « 

In set— builder notation this may be written 

A+B={A+B1AeA and B e 'B). . 



4 , .. • • 

By an additive subset of M is meant a subset ACM such that 

A + A C A . 

(a) Determine which of the following are adcHtive subset^ of M: 
(i) CO), 



T 



\ 



' (ii) {I}, 

. (;iii.) M, 

(iv) z, . . : 

(v) Mj^, the set of all- A in M with 6(A) - 1, 

(vi) The set of all elements of M whose entries are nonnegative, 



(b) Prove that if A, B, and C are subsets of M, then 

\ 

(i) A + B = B + A, 
(ii) a'+ (B + C) = (A + B) + C, 
(iii) and if ' A C B then A + £ £ B + C. 

. .(c) . Prove that if A and B are additi^ve subsets of M, then 

A + B ^ 



is also an additive subset of M. 



Let ^ denote the set of all c^liiian vectors 



X 

y 



4/ 



with K € R and -y e R. 

(d) ,Show that if y is a fixed element of V, then 



A I A £ M and Av = 



is an additive subset of M. Notice also that if y^v = 0 then t~A)v 
If A' and B are subsets of M, then 



= 0. 



AB 



is the set .of all 



AB, A £ K and B e M. 
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Using the set-4)uilder notation, we can write this in the form 

= (AB I A e A and B € B) . 
A subset A of M is multiplicative if 

t ^ 

AA C A. " 

(e) Which of the subsets in part (a) are multiplicative? 

(f) Show that if A, B, and C are subsets of M, then 



(ii]p- and if A C B, then AC C BC 

~ ■ ■ .' , - ' . ' ■ . 

(g) Give an e:^ainple to two subsets A and B of M such that ^ 

AB ^ BA. ' ' 

(h) Determine which of the following subsets are multiplicative: 

i. . ■ • ■ ■ . ' - 

(i) {0, I}, 

(ii) Cr, -I). 

(iii) the set gf all^eiements of M with negative erftries. 

It c-(iv) the set of all elements of M for which thp upper left-hand 
entry is less than 1, 

(v) the set of all elements of VL, of the form 

J X y 

0 1 

with 0 < X, 0 < y, and x + y < 1. 

♦ 

The exercises stated above are suggejtions as to how this '*algebra of 

subsets'' works* There are many other results that come to mind, but we shall 

t 

leave them to you to find* Here are some clues: How would you define tA if 
t e R and A e- M? Is (-l)A = - A? Wait a minutel \^^hat does -A mean? 
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What does A ,meanj Does set multiplication distribute over addition, over 
* * I 

union, over intersection? Do not expect that even your teacher knows the 
answer to all of these possible questions* .Few people know all of them and 
fewer still, of those who know them, remember them^j If you conjecture that 
something is true but the proof of it escapes you, then try to construct an 
example to show that it is false • If this does not work, try proving it again. 



and so on* * 



4^ Ana lysis and Synthesi 9 of Proofs 

This is an exercise in analysis and synthesis, taking an old proof to 
piefees^and using the pkttem to makd a new pr:oof • In describing his activities, 

*a mathematician is likely to put at the very top that of creating new results. 

t . . * 

But ''result'* in mathematics^ usually means -'theorem and proof.'' The mathematician. 

}- "" 

does not by any means limil: his methods^ in conjecturing a new theorem: He 
guesses; uses analogies,/ draws diagrams and figures, sel:s up physical models, 
experiments, t^xomputes;/no holds are barred. Once he has. his conjecture firmly 

/ .. " • ■ . ; 

in taind, he is only half through, for he still must construct a proof. One way 
of doing this is to/ analyze proofs of known theorems that are somewhat like the 
. theorem he is trylfng to prove and then synthesize a proof of the new theorem. 
Here we ask you to apply this process of analysis and synthesis of proofs to 

■ \ 

the algebra- of matrices* To accomplish this, we shall introduce some new | 
operations among matrices by analogy with the old operations . 

For simplicity of computation, we shall use only 2X2 matrices. 
To start with, we introduce new operations in the set of real numbers, 
.If X € R and y €'R, we define 

X A y ^ the smaller of x and y (read: "x cap y*') 

i 

and 
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X V y the larger of % and y (read: *'x cup y\')» 



(a) Show that if x e y e R, and' z ^ ,R, then 

i 

(i) X A y = y A X, 
(ii) xyy^yvx, ^ 

(iii) X A (y A 2) » (x^ y) A z» ^. 
(iv) x ,v (y V 2) = (x V y) y;z, 

(v) X A X X, 
(vi) ' X V 3C " X, 

(vii) X A (y V z) = (x A y) v'(x A s),' 
(viii) X V (jy A 2) = (x V y) A (x V 2) . , 



Although the for;egoing operations may seem a little unusual, you will have 
no dif ficultyv in proving .At^^;^bove statements. They are nat. dif fi*^lt to 



renjember if you notice the following .facts: ' - 

' The even— numbered results can be obtained from the odd-numbered results by 
'interchanging A and' V f and conversely. 

The first states that A is commutative and the third states that A is 

associative. The fifth is new but the sevAth states that A distributes over 

^* • . • ^ 

V , • 

To define the matrix operations, let us think of A as the analog of . 

multiplication and V as the analog of addition and let us begin with our new 

matrix "multiplication,"^ ' 

If 

We define 



a b 
c 4J 



A^ 



X y 
z w 




(a A x) V (b V 2) (a A y) V (b A w) 
_Cc A X) V (d A z) (c A y) V (d A w) 



This is simply the row by column operations, except that A is used in 
place of multiplication and V is used in place of addition, ._Ia.5ee this more 
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clearly, wa write 



e d 



X y 
z w 



"ax + bz ay + bw 
cx + dz cy + dw 



(b) Write out a pcpof that if A, and C are elements of M, then 



A(BC) = (AB)C. 



Be sure not ti^ omit: any steps in the proof. Using this as a pattern, write out 
a' proof that . - 

A A (B A C) = (A AB) A C, 
verifying at each step that you have the necessary results from (a) to make the 

\ ■ 

..proof sound » List all the properties of the two pairs of operations that you 

need^ such as associativity, commutativity, and distributivity • 

. (c) Using the analogy between V ^d addition, define A B for elements 

and* B of . ^ 

k "... 
.(d) State and prove, for the new operations, analogues of— all the rules 

you know for .the .operations of matrix addition and multiplication • 



ERIC 



BIBLIOGRAPHY 



B« Alledoerfer and C* 0* Oakley, * 'Fundamentals of Freshman Mathematics/' 

McGraw-Hill Book Company > Inc., New York, *1959* 
^ •* ^ ' 

R» A. Beaumont and Ball, ''Introduction to Modem Algebra and Matrix 

Theory,'^ Rinehart and Company, New York, 1954 • 

♦ . . - " - 

Garrett Birkhoff and Saunders MacLane, "A Survey of Modem Algebra," The 

» Macmillttii' Compapy, New York, 1959. 

R. B. Johnson, "First Course in Abstract Algebra," Prentice-Hfall , Inc.^ New York, 
1958. • . 

M. J. Weiss, "Higher Algebra for the Undergraduate," John Wiley and Sons, Inq., " 
New York, 1949. 



/ 



ERIC 



INDEX 



Aaron, 2 ^ . . ,...'[ 

Abe I i an group, 99 

Abelian property ^of binary operation, 99 

Abstract group, 98—99^ 

Addition of matrices, 11-12, 19-20 
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operation, 99 . ^ 
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Binary operation, 98-^9 

abelian property of, 99 

associative property of, 99 

closure property of, 99 

commutative property of, 99 

identity property of, 99 

inverse property of, 99 
Brackets used in designating matrices, 4 
Cancellation law for multiplication, 42 

invalidity of, for matrices, 41-^2 
Cap operation, 250 
Cartesian coordinate plane, 165 
Cay ley, v 

Cay ley-Hamilton theorem, 232 
Characteristic equation, 229 
Characteristic root, 229 
Characteristic value, 229 
Characteristic vector, 230 



Clock face, group property of.. 

addition associated with, 99—100 
Closure property of binary operation, 
■99 . 
Collinear vectors, 166 
Column matrix, 5 
Column o^f a matrix, 3 
Column vector, 5 

order ^9f , 159-160 
Combinatl^on, linear, 194 
Commutative group, 99 



Commutativ 
56, 58, 
Qommutative 
41,. 56, 
invalidity 
CommjLitative 




law for addition, 13, 

62 

aw for multiplication, 

62 

f,. for matrices, 40-41 
perty o£ binary 



operation, ^9 
Complex niunbers,\ 1, aO-11, 103—111, 241 
isomorphism of; with matrices, 
103-111 

Composition trans fordlat ion, 219 
Computing machines, v\ 117 
Conforraability »for addition, 11 
CorifQrmability for multiplication, 31 
Conjugate, of a complex number, 242 

of a quaternion, 243 
Contraction factor, 201 
Coordinate plane, Cartesian, 165 
Coordinates of a vector, 196 
Correspondence, one— to--one, 106 
Cosines, direction, 164 

law of, 177 
Cup operation, 251 
De?terminant function, 85--86 

of multiplicative inverse, 88 

of a product,. 87 

related to an area, 185-188 
. of the transpose of a matrix, 92 
Diagonal method, 117, 139-141 
diagonal, principal, 140 
Difference of matrices, 16, 19-21 
"Direction cosines, 164 
Distribution laws for multiplication 
over addition, 47-^8, 56, 58, 62 
Domain, 127-128, 199 
Electronic computing machine, v, 11? 
"Element" "symbol e, 12 
Elementary matrix, 132 ^ 

^inverse of, 132-133 
Elimination, method of, 116 

Entry of a matrix, 3 
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Equality of matrices 
Equatioii, character i 
Expansion factor, 201 
i'actor, contraction, 201 

expansion, 201 - ' ^ 

Field, 58, 63 
Finite group, 101 
EHxed point, 227 
* Fi;jced vector, 227 
Forward solution, 119—122 
Function, 127, 199 ^ / 

determinant, 85-^6 
matrix, 127 * « - . 

•Galois, iql ^ / \ . 
/ Geometric 'transformation, 191, 199 
Geometric vec^tor, 163 
Global structure of algebra, 247 
Group, 93 ^ ^ ^ 

abelian, 99 

abstract, 98-99 ^ . 

coiimutative, 99- x . 

finite, 101 

of- integers, 100-101 

of invertible matrices, 93 » 

related to face of clock, 99-100 

Hamilton, -232, 241 

Heisenberg, v 

Identity element for addition, 12 ^ 
Identity element for multiplication, 

39, 52 
Identity map, 205 

Identity property of binary operation, 
99 

Identity transformation, 205 . 
Ijnage, 200 . ' 

. Importance of matrices, v, 2 
Inequalities for vectors, 18>, 185 
Infinite decimal, 1 
Inner product, 177—179 

algebraic propJerties of, 181—182' 
Invariant subspace, 22^ 
Inverse matrix function, 143 
Ijpverse, multiplicative, 57, 71 

of elementary matrix, 132—133 

of matrix of order tWQ, 83 

of a product, 89 

uniqueness of, 75 is 
Inverse property of binary operation, 
99 

' Isomorphism, 109—110 
^Jordan multiplication, 246 
Kernel, 205 

Law of pb^ines, 177 \ ^ 
Left multiplication, 41 -^^ 
. Length of a vector, 164 • 
Length-preserving transformation, 233 



Linear combination, 194 
Linear equaticJhs .(see Systems of 
linear equations ) ^ ^ - 

Linear map , 209. • 
c Linear transformation, 209 
Lopez, 2 
>fantle, 2-3 
' Map, 1^9 ' . 

identity, 215 
^^'>iipear, 209 
Matrices, 3 

addition of (see Addition of matrices) 
anticommutatiye, 55* ' 
conformable for addition, 11 
difference/of, 16, 19-21 
equality o^f,'8 

identity element for ^addition of, 12 
importance of, v, 2 * 
multiplication of (see Multiplication 
^ of matrices) 

notation fgf, 6 
product of , 34 . ' 

subtraction of, 16, 19t-21 
sum of, 11-12, 19-20 ■ 
additive inverse of, 16 
brackets used in designating, 4 
column, 5 ^ , 

elementary, 132 
invert of ^ 132—133 
^ "entry of,* 3 . 

column of, 3 . 
multiplication of, by a number, 22- 
25 

multiplicative inverse of, 57, '71 
^ for matrices of order two, 83 
uniqueness . of , 75 
negative of, 16 
order of , ^ 
orthogonal, 239 
row, 5 

row of, 3 . 
square, 4 

square, order of, 5 

transpose of, 6 
Matrix function, 127 

^inverse, 143 
.Matrix transformation, 208 ' 
Molecule, 120^ 
Multiplication, Jordan, 246 
Mui;tiplication of matrices,^ 27-36 

associative law for, 47 
. conformability for, 31 

distribution laws for, over addition, 
47-48 ' 

identity element for, 39, 52 
invalidity pf cancellation law forj 

41^2 



uc 



2 



ij') 



Multiplication of matrices (continued), 
left, 41 , \ ' 

right, 41 

by zero matri^x, 51 
-Multiplication of matrix' by number, 

22-25 

Multiplicative inverse of elementary 

^matrix, 132-133 
Multiplicative inverse of a matrix, ^ 
.57, 71 

of order two, 83 

uniqueness of, 75 
Multiplicative inverse of a product, 89 
^latural basis, ^197 
Negative of a matrix, 16 
Negative of a number,* 15 
Negative whole number, 1 
Npnassociative algebra, 245 * ' 

operation ir\, 245 
Norm are of a quaternion, 244 

of a vector, 164 
Notation for matrices, 6 
Null vector, .164 
■ IJumber, 1' ■ 
"complex, 1 

negative whole, 1 

positive whole, 1"^ 

real, 1 . 



sero, 1 



One— to--one correspondence, 106 
One— tor-one transformation, 205 
Operation in a nonassociative algebra, 

245 

Order of a matrix, 4 

Orthogonal vectors, 183 \ 

Parallelogram law, 173, 188 

^Perpendicular vectors, ^17^ , 

Point, fixed, 227 \ - 

Polynomials, residue classes of, 110 

Positive whole number,. 1 

P<rincipal diagonal, 140 

Product of matrices, 34 

Product matrix, 30—31 

Product of matrix and number^ *2 3 

Product of vector and number, geometric 

interpretation of, }^67— 168 . ^ 
Programming, 117 
Projection, 205 

orthogonal, 205 \ ^ * 

perpendicular, 205 
Pythagorean- theorem, 163 
Quaternion, 24l~-245 ^ " 

norm ot . 244 

trace of, 244 
mnge, 127-128, 199 ^ 



Real number, 1 

Reciprocal of a mat;rix (see Inverse, 

multiplicative) 
Reflection in a line, 219, "233 
Reflection in the origin, 200 
Root, characteristic, 229 
Right multiplication, 41 * 
Ring, 58, 65^68 

wi.th an identity element, 58 
Rotation, 218, 233 
Row, matrix, 5 
Row of a matrix, 3 
Row vector, 5 
Scalar, 215 

Set M af 2. X 2 matrices, 56^ 

clostire of, with respect to addition, 

^ 56 ■ 
closure of, with respect to multi- 
plication, 56 * 
Shearing, 204 
Sigma notation, 35^ 
Slope, 164 

Solution, backward, 122 
Solution, forward, 119-122 
Space, vector, 191 
Square niatrix, 4 

order of, 5 > 
Square roots, 43--44 
Structure of algebras, 247 
Structure of piathematics^, iii, v 
-Subset, additive, 24^^^ 
^ Subsets, algebra of, 247^ 
Subspace, 192 

^invariant, ^227 
Subtraction of matrices, 16, 19—21 
Substitution, method o£, 115 
Subtraction of vectors, geometric 

interpretation of, 175 
Sum of matrices, 11-12, 19-20 
Systems* of linear equations, 115 

elimination method for, 116 

equivalent, 116 

in general, 1^—156 

*'line^» of solutions of, 153 

substitution method for, 115 
Trace of' a quaternion, 244 
Transformation, 191 

composition, 219 

gerometnic, 191, 199 

identity, 205 - 

inverse, 22^ / ^ 

length-preserving,. 233 
. linear, 209- 

matrix, 208 ^ 

one— to— one , 20,5 
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* Transformation (continued) > 

oiv|:o, 200 . 

orthogonal, 239 

of the plane into itself, 199 
..Trans formations, composition of, 219 

product of, 219 
Transpose of a matrix, 6 
Triangula tion method, 117, 119-125 

solution by matrices, 130—138 

in terms of matrices, 125-129 
Unij: circle, 97 
Unit matrix, 52 
Value, characteristic, 229 
Vector, 5 

characteristic, 230 

colunm, 5 

fixed, 227 

geometric, 163 

length of, 16^ 

multipl.ication by a number, geo— 
metrical interpretation of, 
167-168 

nonri of, 164 

null, 164 
- representation of, by directed 
line segment, .162—163 

row,, 5 

zero, 164 



Vector analysis 188-189 
' Vector function, 199 
Vector space, 112, 191 
Vectors, 5 » 
addition of^ 10 

geometric interpretation of, 171-173 
parallelogram law for, 173, 188 
angle between, 178 , 
bound, 189 
collinear, 166 

col linear, in opposite directions^ 

180 

collinear, in same direction, 180 

free, 189 * ' 

inequalities for, 183, 185 . 
• inner product of, 177—179 
' algebraic properties of, 181-182 

orthogonal , 183; 

perpendicular, 177 

subtraction of, 16,. 19-21 

geometric interpretation of, 175 
Whole number^ 1 ' 
Williams, 2 
Zero, 1 

Zero matrix, 12, 16 * ^ 

as identity matrix for addition, 12 
multiplication by, 51 

Zero vector, 16^ 



